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We	
  observe	
  neutron	
  stars	
  
•  With	
  a	
  large	
  range	
  of	
  spin	
  period	
  
•  Spin	
  up	
  and	
  down	
  secularly	
  and	
  suddenly	
  
•  With	
  weak	
  and	
  very	
  strong	
  magne5c	
  ac5vity	
  
•  Hea5ng	
  and	
  cooling	
  under	
  a	
  variety	
  of	
  s5muli	
  
•  Exhibit	
  evidence	
  for	
  mul5ple	
  dynamical	
  

components	
  
•  Exhibit	
  evidence	
  for	
  oscilla5on	
  modes	
  
•  …	
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NEUTRON	
  STAR;	
  
• 	
  Result	
  of	
  stellar	
  core	
  collapse	
  
• 	
  ≈	
  1.4	
  MSUN,	
  R	
  ≈	
  10km	
  
• 	
  	
  Bound	
  by	
  gravita5onal,	
  not	
  nuclear,	
  	
  
Forces	
  
• 	
  Nuclear	
  forces	
  determine	
  structure	
  of	
  star	
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Microphysics of (hot, >1010K ), dense matter 
• Nuclear models/QCD 
• Weak interactions 

Bulk Properties of neutron star matter 
(meso/macrophysics):  

• Thermal/electrical conductivity 
• Elastic properties (Bulk, shear 
modulus) 
• Hydrodynamic properties 
(superfluid, entrainment) 
• Equation of State P	
  =	
  P(ρ,T) 

Calculation of observables and 
confrontation with observation 

• Radio/X-ray Pulsars 
• Bursts from NSs (XRBs/SGRs) 
• NS cooling 
• Gravitational waves? 

Macrophysical Stellar Models 
• Inclusion of GR, MHD  
(with superfluids) 

Theore5cal	
  mo5va5on	
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Nuclear	
  maLer,	
  the	
  symmetry	
  energy	
  and	
  the	
  neutron	
  star	
  EoS	
  

Pressure	
  balances	
  gravity;	
  we	
  need	
  EoS	
  

Obtained	
  from	
  energy	
  density	
  (or	
  energy	
  per	
  
Par5cle)	
  of	
  system:	
  

	
   	
   	
  E	
  =	
  E(ρ)	
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We’re	
  dealing	
  with	
  a	
  bag	
  of	
  nucleons…	
  

…++= 2
symmvol/),( ααρ aaAE

…in	
  the	
  thermodynamic	
  limit	
  (N,A,Z	
  to	
  infinity,	
  	
  
neglec5ng	
  Coulomb)	
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…and	
  giving	
  the	
  coefficients	
  a	
  density	
  dependence	
  

energy/par5cle	
  of	
  SNM	
   Symmetry	
  energy	
  –	
  penalty	
  for	
  	
  
moving	
  away	
  from	
  N=Z	
  symmetry	
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Symmetry energy, inner crust and global modeling 3

nucleon interactions as they are manifested in a many-nucleon context. A useful concept
that bridges the gap between ab initio nucleon-nucleon calculations, nuclear experimental
observables, and neutron star matter is that of uniform nuclear matter (NM). This is an
idealized system, homogeneous and infinite in extent, of neutrons and protons interacting
solely via the strong force. The energy per particle of such a system at a density ⇥ and
proton fraction x, E(⇥, x), is referred to as the nuclear matter equation of state (NM EOS).
In the regions of the neutron star core where protons and neutrons exist, the NM EOS
can be combined with the electron energy, and under conditions of charge neutrality and
beta-equilibrium gives an EOS for the core. In the inner crust, the NM EOS can be used
to describe the dripped neutrons (x = 0) and the bulk matter in the nuclear clusters. A
consistent model for the EOS of crust and core necessarily uses a unique NM EOS, and one
should expect parameters characteristic of a given NM EOS to correlate with both crust and
core properties.

Nuclear matter with equal numbers of neutrons and protons (x = 0.5) is referred to as
symmetric nuclear matter (SNM); nuclear matter with x = 0.0 is naturally referred to as
pure neutron matter (PNM). Nuclei on Earth contain closely symmetric nuclear matter at
densities close to nuclear saturation density ⇥0 ⇧ 2.7 ⇥ 1014 g cm�3 ⇤ 0.16 fm�3 = n0,
where we use n to refer to baryon number density. Thus experiment has constrained the
properties of E(⌅ n0,⌅ 0.5) to within relatively tight ranges, but the properties of PNM
remain uncertain from an experimental standpoint. In the past decade, much experimen-
tal activity has been devoted to extending our knowledge of nuclear interactions to more
neutron-rich systems and to higher and lower densities. Although we cannot produce pure
neutron matter in the laboratory, we can produce matter with proton fractions as low as
x ⇧ 0.3 in certain neutron rich isotopes and in the products of heavy ion collisions. This
allows us to obtain information on how E(⌅ n0, x) changes as x decreases.

By expanding E(n, x) about x = 0.5 using the isospin asymmetry variable � = 1�2x,
we can define a useful quantity called the symmetry energy S(n),

E(n, �) = E0(n) + S(n)�2 + ...; S(n) =
1

2

⌥2E(n, �)

⌥�2

����
�=0

, (1)

which encodes the change in the energy per particle of NM as one moves away from isospin
symmetry. This allows extrapolation to the highly isospin asymmetric conditions in neutron
stars. The simplest such extrapolation, referred to as the parabolic approximation (PA),
truncates the expansion to second order, giving

EPNM(n) ⇤ E(n, � = 1) ⇧ E0(n) + S(n) (2)

for the PNM EOS. Expanding the symmetry energy about ⇤ = 0 where ⇤ = n�n0
3n0

we
obtain

S(n) = J + L⇤+ 1
2Ksym⇤

2 + ..., (3)

where J , L and Ksym are the symmetry energy, its slope and its curvature at saturation
density.

Since neutron star matter contains a low fraction of protons, many inner crust and global
stellar properties are sensitive to the symmetry energy parameters J ,L, etc. To give a sim-
ple example, the pressure of PNM at saturation density is given by PPNM(n0)=n0L/3. The
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density.
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III. THE EQUATION OF STATE OF UNIFORM NUCLEAR MATTER

Useful parameters characterizing the EoS of isospin asymmetric nuclear matter around

SNM (proton fraction x = 0.5; � = 0) and the saturation density of SNM ns can be derived

by expanding E(n, x) in a power series in the isospin asymmetry � = 1� 2x and the density

parameter ⇥ = n�n0
3n0

E(n, x) = E0(n) + S(n)�2 + ... (9)

E0(n) = E0 +
1
2K0⇥

2 + ... (10)

S(n) = J + L⇥+ 1
2Ksym⇥

2 + ... (11)

EPNM(n) ⇥ E0(n) + S(n) (12)

E0(n) = E(n, 0.5) is the binding energy per nucleon of SNM and S(n) = 1
2⌃

2E(n, x)/⌃�2x=0.5

is the nuclear symmetry energy. K0 is the incompressibility of SNM at saturation density.

J = S(n0), L = ⌃S(n)/⌃⇥|n=n0 and Ksym are the value of the symmetry energy, its slope

and its curvature at saturation density. In particular, the pressure of pure neutron matter at

sub-saturation densities, which plays a large role in determining the equilibrium composition

of the crust, can be expressed as

PPNM =
n2

3n0
[L+ (K0 +Ksym)⇥+ ...]. (13)

to the leading two orders.

Throughout most of this paper we will mainly use the modified Skyrme-like (MSL) pa-

rameterization of the nuclear matter EoS E(n, �) [59] (see appendix A) as our description

of uniform nuclear matter as a function of density and isospin asymmetry. The MSL model

has the same number of free parameters as the Skyrme description of uniform nuclear mat-

ter; the di�erence is that the MSL parameters can be analytically related to the properties

of uniform nuclear matter at saturation density, allowing a smooth variation of, e.g., the

symmetry energy at saturation J and its slope L, while holding fixed the isospin symmetric

part of the EoS. For comparison, we will also use a similar phenomenological EoS whose

form was originally written down by Bludman and Dover [60] (which we will refer to as BD,

see also appendix A), which was later modified and used to study finite nuclei and inner

crust composition by Oyamatsu and Iida (OI) [10, 61], and a selection of Skyrme EoSs [62]

whose basic properties are given in Table 1. The BD model has two fewer free parameters

10
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for the MSL EOS are displayed in the right panel of Fig. 3. Doing so naturally introduces
correlation between J and L; in the right panel of Fig. 2 we display the correlation obtained
in this way for the MSL model. It is fit by J = 20.53 + 0.207L. For reference, the correla-
tions obtained directly from the PNM calculations of HS and GCR, using the PA (Eq. (2))
with E0 = �16 MeV to obtain J from EPNM(n0), are depicted in Fig. 3; although offset
slightly from the MSL results, their slopes are similar. A similar correlation is obtained
from the Hugenholtz-Van-Hove (HVH) theorem which predicts a relation between J and L
whose uncertainty can be related to global nucleon optical potentials [63]

One experimental probe of the symmetry energy is the measurement of neutron skins
of nuclei. This probes the symmetry energy at densities around n = 0.1fm�3; thus many
models fix the symmetry energy at this density. In the right panel of Fig. 3 we show the
MSL PNM EOSs constrained by S(0.1fm�3) = 26 MeV; varying L then produces a steeper
correlation with J , also shown in the right panel of Fig. 2; J = 29.0 + 0.1L. It is worth
noting that increasing the density at which one fixes the symmetry energy in a given model,
increases the slope in the J-L plane.

Similar correlations are obtained from two relativistic mean field models [70, 71] and
from a best fit to a wide selection of model predictions of J and L [72], also shown in the
left panel of Fig. 2. Finally we also show correlations that emerge from nuclear mass fits
[64, 65] and analysis of data from heavy ion collisions [53].

In what follows we shall use sequences of MSL EOSs generated by varying L with a
variety of constraints on J : the sequence generated keeping J fixed will be labelled, e.g.,
‘J35’; the sequence generated by fixing the low density PNM EOS will be labelled the
‘PNM’ sequence; and the sequence generated by fixing S(0.1fm�3) = 26 MeV will be
labelled the ‘S0.1’ sequence. The model correlations in the right panel of Fig. 2 overlap in
the region 25<L<70 MeV, in line with the most recent experimental results. By combining
the MSL ‘PNM’ constraint with the requirement that 25<J<35 MeV and L>25MeV we
obtain a region in the J-L plane which we shall refer to as our ‘baseline’ region.

2.3. Correlations with neutron star properties

Some useful correlations of symmetry energy parameters with basic neutron star properties
have been established, which we review here; more details can be found in the following
references: [11, 70, 72, 80, 81]

• The pressure of neutron star matter in beta-equilibrium at n0 including the electron
contribution can be approximated [11, 81]

PNS(n0) ⇤
n0

3
L+ 0.048n0

�
J

30

⇥3�
J � 4

3
L

⇥
, (7)

where the second term provides a correction of only 2-3% for L = 25 MeV, rising to 10-
20% for L = 115 MeV, with J over the range 25 - 35 MeV. At densities slightly above or
below this, extra terms are introduced, but the leading order will remain the one proportional
to L alone.
• The radius of a neutron star is found to correlate with the pressure at a fiducial density
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•  What	
  constraints	
  can	
  we	
  add	
  from	
  astrophysical	
  observa5on?	
  
•  How	
  can	
  experimental/theore5cal	
  constraints	
  inform	
  our	
  interpreta5on	
  of	
  observa5ons?	
  

Symmetry	
  energy	
  constraints	
  



Symmetry	
  energy	
  constraints:	
  NS	
  radii	
  

Steiner,	
  Lasmer,	
  Brown	
  ApJ765	
  (2013)	
  

Lasmer,	
  Steiner	
  arXiv:1305.3242	
  

•  Bayesian	
  analysis	
  of	
  inferred	
  M/R	
  ranges	
  from	
  transiently	
  accre5ng/burs5ng	
  NS	
  sources	
  	
  
•  (Eddington	
  luminosity,	
  angular	
  diameter	
  and	
  gravita5onal	
  radius	
  all	
  f(M,R))	
  

•  Latest	
  inferred	
  L:	
  41	
  –	
  84	
  MeV	
  
•  Observa5onal	
  uncertain5es:	
  Hydrogen	
  column	
  density,	
  X-­‐ray	
  spectral	
  models,	
  data	
  precision	
  
•  Theore5cal	
  uncertain5es:	
  EOS	
  model	
  dependence?	
  



Symmetry	
  energy	
  constraints:	
  NS	
  radii	
  

FaLoyev,	
  Piekarewicz	
  PRL	
  111	
  (2013)	
  

•  Observa5onal	
  uncertain5es:	
  Hydrogen	
  column	
  density,	
  X-­‐ray	
  spectral	
  models,	
  data	
  precision	
  
•  Theore5cal	
  uncertain5es:	
  EOS	
  model	
  dependence?	
  
•  More	
  independent	
  astrophysical	
  symmetry	
  energy	
  measurements	
  needed!	
  

	
  CREATE	
  SETS	
  OF	
  NEUTRON	
  STAR	
  MODELS	
  BY	
  SYSTEMATICALLY	
  VARYING	
  L	
  AND	
  TEST	
  THE	
  
	
   	
   	
   	
   	
   	
   	
   	
  SENSITIVITY	
  OF	
  OBSERVABLES	
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Neutron	
  star	
  modeling:	
  consistent	
  crust-­‐core	
  models	
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Inner	
  crust:	
  Compressible	
  liquid	
  drop	
  model/3DHF	
  
Core:	
  neutrons,	
  protons,	
  electrons,	
  muons;	
  
Same	
  underlying	
  nuclear	
  EoS	
  used	
  for	
  both	
  

Newton,	
  Stone	
  PRC79	
  (2009),	
  Stone,	
  Pais	
  	
  
PRL109	
  (2012),	
  Newton,	
  Stone	
  in	
  prep	
  



	
  Neutron	
  star	
  modeling:	
  systema5c	
  varia5on	
  of	
  J,L	
  

•  Skyrme-­‐Hartree-­‐Fock	
  (SHF)	
  model	
  of	
  nuclear	
  maLer:	
  

-­‐9	
  parameters	
  

-­‐2	
  purely	
  isovector	
  parameters:	
  

•  Rela5vis5c	
  Mean	
  Field	
  (RMF)	
  model	
  of	
  nuclear	
  maLer:	
  

-­‐7	
  parameters	
  

-­‐2	
  purely	
  isovector	
  parameters	
  

,	
  

,	
  



	
  PNM	
  sequence	
  of	
  EOSs	
  

(SP	
  -­‐	
  Schwenk	
  2005,	
  HS	
  -­‐	
  Hebeler	
  2010,	
  LO	
  -­‐	
  Gezerlis	
  2013,	
  
AV8+UIX	
  -­‐	
  Gandolfi	
  2010,	
  APR	
  -­‐	
  Akmal	
  1998)	
  

Consistently	
  calculate:	
  
•  Crust	
  EOS	
  
•  Crust	
  composi5on	
  
•  Crust-­‐core	
  transi5on	
  density/	
  
Pressure	
  
•  Extent	
  and	
  sequence	
  of	
  pasta	
  
phases	
  
•  Core	
  EOS/composi5on	
  



Observable	
  I:	
  Cooling	
  of	
  Cas	
  A	
  NS	
  



•  Cas	
  A	
  NS:	
  birth	
  date	
  1680	
  ±	
  20yr	
  (Fesen	
  et	
  al	
  2006)	
  
•  Thermal	
  emission	
  best	
  fit*	
  using	
  a	
  Carbon	
  atmosphere	
  model	
  (Ho	
  &	
  Heinke	
  2009)	
  	
  
 è	
  <Teff>	
  ≈_2.1	
  x	
  106	
  K.	
  	
  

•  Subsequent	
  analysis	
  of	
  Chandra	
  data	
  taken	
  over	
  the	
  previous	
  decade	
  è	
  evidence	
  for	
  rapid	
  	
  
decrease	
  in	
  surface	
  temperature	
  by	
  ≈	
  4%	
  (Heinke	
  &	
  Ho	
  2010).	
  
•  Detailed	
  analysis	
  of	
  Chandra	
  	
  all	
  X-­‐ray	
  detectors	
  and	
  modes	
  è	
  2-­‐5.5%	
  temperature	
  	
  
decline	
  over	
  the	
  same	
  5me	
  interval	
  (Elshamouty	
  et	
  al.	
  2013).	
  	
  
•  Defini5ve	
  measurements	
  difficult	
  	
  (surrounding	
  bright	
  and	
  variable	
  supernova	
  
	
  remnant)	
  
	
  
*	
  “best”	
  means	
  most	
  consistent	
  with	
  an	
  emisng	
  area	
  of	
  order	
  the	
  total	
  neutron	
  star	
  surface	
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•  Minimal	
  cooling	
  paradigm	
  (MCP)	
  (Page	
  et	
  al	
  2004)	
  (only	
  nucleonic	
  
components;	
  fast	
  ν-­‐emission	
  processes	
  (dUrca)	
  excluded):	
  	
  

•  Rapid	
  cooling	
  of	
  the	
  Cas	
  A	
  NS	
  (CANS)	
  from	
  enhanced	
  neutrino	
  emission	
  from	
  
neutron	
  3P2	
  Cooper	
  pair	
  breaking	
  and	
  forma5on	
  (PBF)	
  in	
  the	
  core	
  (superfluid	
  
phase	
  transi5on)	
  

•  Alterna5ves:	
  medium	
  modifica5ons	
  to	
  standard	
  ν-­‐emission	
  processes,	
  quark	
  
phases…	
  	
  (Blaschke	
  et	
  al.	
  2012;	
  Sedrakian	
  2013)	
  

Cooling	
  of	
  Cas	
  A	
  NS:	
  Evidence	
  for	
  an	
  astrophysical	
  superfluid	
  transi5on?	
  

Page	
  et	
  al	
  2011	
   Shternin	
  et	
  a	
  2011	
  



•  Max.	
  of	
  cri5cal	
  temperature	
  Tcmax	
  controls	
  age	
  at	
  which	
  star	
  enters	
  PBF	
  cooling	
  
phase	
  

•  Core	
  temperature	
  at	
  onset	
  of	
  PBF	
  cooling	
  phase,	
  TPBF,	
  controls	
  subsequent	
  cooling	
  
rate	
  >	
  make	
  steeper	
  by	
  suppressing	
  mUrca	
  process	
  with	
  proton	
  superconduc5vity	
  
throughout	
  core.	
  

Cooling	
  of	
  Cas	
  A	
  NS:	
  Evidence	
  for	
  an	
  astrophysical	
  superfluid	
  transi5on?	
  



	
  
In	
  the	
  Minimal	
  Cooling	
  Paradigm,	
  three	
  addi5onal	
  parameters	
  affect	
  the	
  
cooling	
  trajectories	
  of	
  the	
  NSs	
  (Page	
  et	
  al.2004):	
  
	
  
•  The	
  equa5on	
  of	
  state	
  (EOS)	
  of	
  nuclear	
  maLer	
  (NM).	
  
	
  
•  The	
  mass	
  of	
  light	
  elements	
  in	
  the	
  atmosphere	
  ΔMlight	
  parameterized	
  as	
  η=	
  

log	
  (ΔMlight)	
  (best	
  fit	
  -­‐13	
  <	
  η	
  <	
  -­‐8	
  (Yakovlev	
  et	
  al.	
  2011))	
  
	
   	
  -­‐	
  More	
  light	
  elements	
  means	
  higher	
  thermal	
  conduc5vity	
  and	
  lower	
  
	
   	
  	
  	
  core	
  temperature	
  for	
  a	
  given	
  Teff.	
  

	
  
•  The	
  mass	
  of	
  Cas	
  A	
  NS	
  ≈	
  1.25	
  –	
  2MSUN	
  with	
  a	
  most	
  likely	
  value	
  of	
  1.65MSUN	
  

Yakovlev	
  et	
  al.	
  2011).	
  

Cooling	
  of	
  Cas	
  A	
  NS:	
  Parameter	
  Space	
  in	
  Minimal	
  Cooling	
  Scenario	
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ν-­‐emission	
  in	
  Nuclear	
  pasta:	
  Bubble	
  cooling	
  processes	
  

	
  
•  Neutron	
  scaLering	
  off	
  of	
  bubble	
  phases	
  of	
  pasta	
  can	
  lead	
  to:	
  

	
  dUrca	
  (Gusakov	
  et	
  al.	
  2004)	
  
	
  neutrino	
  and	
  an5-­‐neutrino	
  pair	
  emission	
  (Leinson	
  1993)	
  

•  Luminosity	
  comparable	
  with	
  Modified	
  Urca	
  at	
  core	
  temperatures	
  around	
  
onset	
  of	
  PBF	
  cooling	
  phase	
  

	
  



•  NS	
  Crust	
  and	
  core	
  EOSs	
  and	
  composi5ons	
  calculated	
  consistently	
  using	
  SkIUFSU	
  Skyrme	
  
model	
  (FaLoyev	
  et	
  al.	
  2012)	
  which	
  is	
  fit	
  to	
  nuclear	
  proper5es	
  and	
  ab-­‐ini5o	
  pure	
  neutron	
  
maLer	
  calcula5ons.	
  

•  Two	
  Skyrme	
  parameters	
  are	
  adjusted	
  to	
  vary	
  the	
  symmetry	
  energy	
  J	
  and	
  its	
  density	
  
slope	
  L	
  at	
  n0.	
  EOSs	
  were	
  created	
  with	
  L	
  between	
  30MeV	
  and	
  80MeV.	
  

•  With	
  a	
  fixed	
  stellar	
  mass,	
  as	
  L	
  increases,	
  the	
  stellar	
  radius	
  and	
  crust	
  thickness	
  increases	
  
and	
  the	
  frac5on	
  of	
  the	
  crust	
  by	
  mass	
  composed	
  of	
  the	
  bubble	
  phases	
  decreases	
  
(Newton	
  et	
  al.	
  2013).	
  

•  Cooling	
  trajectories	
  calculated	
  using	
  Dany	
  Page’s	
  public	
  code	
  NSCool	
  

(SP	
  -­‐	
  Schwenk	
  2005,	
  HS	
  -­‐	
  Hebeler	
  2010,	
  LO	
  -­‐	
  Gezerlis	
  2013,	
  
AV8+UIX	
  -­‐	
  Gandolfi	
  2010,	
  APR	
  -­‐	
  Akmal	
  1998)	
  

Model	
  



Results	
  

Even	
  the	
  lowest	
  cooling	
  rate	
  (2%)	
  
inferred	
  by	
  Elshamouty	
  et	
  al	
  is	
  rela5vely	
  
rapid,	
  favoring	
  a	
  rela5vely	
  high	
  core	
  
temperature	
  and:	
  
•  Smaller	
  value	
  of	
  L	
  (smaller	
  radii)	
  
•  Smaller	
  stellar	
  masses	
  M	
  
•  Smaller	
  η	
  
•  Less	
  cooling	
  from	
  BCPs.	
  

Newton,	
  Murphy,	
  Hooker,	
  Li,	
  ApJL	
  2013	
  



Cas	
  A	
  NS	
  Cooling:	
  Results	
  and	
  Summary	
  

Ranges	
  of	
  L	
  for	
  which	
  model	
  cooling	
  trajectories	
  fall	
  within	
  the	
  inferred	
  rate	
  from	
  
Elshamouty	
  et	
  al	
  2013	
  

•  Within	
  minimal	
  cooling	
  paradigm,	
  and	
  using	
  the	
  inferred	
  Cas	
  A	
  NS	
  cooling	
  rate	
  from	
  	
  
Elshamouty	
  et	
  al	
  (2013),	
  L	
  <	
  70	
  MeV	
  
•  	
  With	
  the	
  addi/on	
  of	
  enhanced	
  cooling	
  from	
  ν-­‐emission	
  processes	
  in	
  pasta	
  phases	
  	
  
L	
  <	
  45	
  MeV	
  –	
  i.e.	
  cooling	
  from	
  the	
  pasta	
  phases	
  can	
  have	
  an	
  observable	
  effect	
  

CAVEATS	
  
•  Carbon	
  atmosphere	
  model	
  preferred	
  largely	
  because	
  it	
  results	
  in	
  emisng	
  area	
  of	
  

order	
  neutron	
  star	
  size.	
  
•  Enhanced	
  superfluidity	
  in	
  crust	
  would	
  suppress	
  ν-­‐emission	
  processes	
  in	
  pasta	
  

phases	
  (gap	
  parameter	
  space	
  not	
  explored	
  here).	
  
•  Posselt	
  et	
  al;	
  arxiv:1311.0888	
  –	
  Chandra	
  Cas	
  A	
  data	
  consistent	
  with	
  no	
  cooling	
  in	
  

past	
  decade!	
  



Observable	
  I:	
  Glitches	
  in	
  the	
  Vela	
  pulsar	
  



Pulsar	
  glitches:	
  the	
  observa5ons	
  

• 	
  Sudden	
  spin-­‐up	
  of	
  pulse	
  frequency	
  on	
  5mescales	
  
of	
  <10s	
  of	
  minutes,	
  against	
  steady	
  spin-­‐down	
  
• 	
  First	
  observed	
  in	
  1969	
  in	
  Crab,	
  Vela	
  pulsars	
  

Reichley,	
  Downs;	
  Nature	
  1969	
   Radhakrishnan,	
  Manchester;	
  Nature	
  1969	
  



ΔΩ	
  /Ω	
  ≈	
  10–	
  6	
  ,	
  Δtg~	
  1000	
  days	
  	
  ΔΩ	
  /Ω	
  ≈	
  10–	
  9,	
  Δtg~	
  200	
  days	
  	
  	
  	
  	
  

Crab	
   Vela	
  

• 	
  Ac5vity	
  parameter:	
  	
  	
  Ag	
  =	
  (1/Tobs)	
  ΣΔΩ/Ω	
  =	
  average	
  rate	
  of	
  rela5ve	
  spin-­‐up	
  due	
  to	
  glitches	
  
• 	
  Crab:	
  Ag	
  ~	
  10–	
  9	
  yr-­‐1	
  
• 	
  Vela:	
  Ag	
  ~	
  10–	
  7	
  yr-­‐1	
  

Pulsar	
  glitches:	
  the	
  observa5ons	
  

Espinoza	
  et	
  al	
  2011	
  



n	
  

p	
  
“Pasta”	
  

Pulsar	
  glitches:	
  the	
  candidate	
  model	
  

•  Starquake	
  models:	
  cannot	
  explain	
  glitch	
  ac5vity	
  of	
  even	
  Crab	
  pulsar	
  
•  Two	
  component	
  models	
  currently	
  the	
  leading	
  class	
  of	
  candidates	
  

•  (A)	
  Visible	
  component	
  (observed	
  rota5onal	
  frequency):	
  couples	
  to	
  B-­‐field	
  on	
  t<40s	
  
•  At	
  least	
  crust	
  lasce	
  and	
  protons	
  in	
  core	
  
•  Usually	
  assumed	
  to	
  be	
  core	
  neutrons	
  too	
  

•  (B)	
  Rota5onally	
  decoupled	
  component:	
  crust	
  superfluid	
  neutrons?	
  



Pulsar	
  glitches:	
  the	
  two	
  component	
  model	
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Time	
  

• 	
  Two	
  dynamically	
  dis5nct	
  components	
  of	
  the	
  star,	
  A	
  and	
  B	
  
• 	
  The	
  B-­‐field	
  is	
  coupled	
  to	
  component	
  A	
  on	
  short	
  5mescales	
  (<<	
  
spin	
  period);	
  we	
  see	
  only	
  frequency	
  of	
  component	
  A	
  
• 	
  Ini5ally,	
  component	
  B	
  does	
  not	
  couple	
  to	
  A	
  

A	
  

B	
  

Ωlag	
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  glitches:	
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• 	
  Two	
  dynamically	
  dis5nct	
  components	
  of	
  the	
  star,	
  A	
  and	
  B	
  
• 	
  The	
  B-­‐field	
  is	
  coupled	
  to	
  component	
  A	
  on	
  short	
  5mescales	
  (<<	
  
spin	
  period);	
  we	
  see	
  only	
  frequency	
  of	
  component	
  A	
  
• 	
  Ini5ally,	
  component	
  B	
  does	
  not	
  couple	
  to	
  A	
  
• 	
  At	
  some	
  cri5cal	
  frequency	
  lag	
  between	
  A	
  and	
  B,	
  Ωlag,	
  a	
  strong	
  
coupling	
  sets	
  in	
  between	
  them	
  –	
  angular	
  momentum	
  transferred	
  
from	
  B	
  to	
  A	
  >	
  glitch,	
  size	
  ΔΩ	
  

A	
  

B	
  

ΔΩ	
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•  Neutrons	
  in	
  core	
  and	
  crust	
  expected	
  (from	
  theory)	
  to	
  be	
  superfluid	
  for	
  pulsars	
  older	
  
	
  than	
  ≈	
  100yr	
  
•  Some	
  suppor5ng	
  evidence	
  from	
  rapid	
  Cas	
  A	
  cooling	
  

	
  (Shternin	
  et	
  al	
  2011,	
  Page	
  et	
  al	
  2011)	
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  component	
  cannot	
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  of	
  n	
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• 	
  As	
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  vor5ces	
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  out	
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  axis	
  
• 	
  Protons	
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  10-­‐3	
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we shall referred to as the charged component of the star),
�I/I � 1.6% ⇥ G (Link et al. 1999). Assuming the angular
momentum reservoir is the whole of the crustal neutron su-
perfluid �I = Icsf and the charged component it couples to
is essentially the whole star I = Itot, many realistic neutron
star (NS) equations of state (EoSs) can satisfy the condi-
tion �I/I � 1%, and indeed it can be used to constrain
the NS EoS (Lorenz et al. 1993; Link et al. 1999). However,
recent calculations of the strength of entrainment of con-
duction neutrons by the crustal lattice via Bragg scattering
suggest that the fraction of neutrons in the crust decoupled
from the charged component of the star and able to act as
the angular momentum reservoir is e⇤ectively �I ⇤ 0.2Icsf ,
making �I/I too small to explain the observed glitch sizes
at a first glance (Chamel 2012a,b; Andersson et al. 2012),
and thus suggesting one must go beyond the crust to find the
angular momentum reservoir. These studies assume a tight
coupling between crust and core so that I ⇤ Itot. However,
estimates of the crust-core coupling timescales due to inter-
actions of neutron vortices and type-I or type-II supercon-
ducting protons (Alpar & Sauls (1988); Sedrakian (2005);
Andersson et al. (2006); Jones (2006); Babaev (2009); Link
(2012)) do not preclude the possibility of only a small frac-
tion of the core neutrons being coupled to the crust at the
time of glitch, and in the latter case suggest that this is in
fact likely. Therefore it is possible that I ⌅ Itot, allowing
the ratio �I/I to satisfy the lower bound of 1.6% again with
only crustal superfluid neutrons involved.

Recently, a detailed model of such a scenario incorpo-
rating microscopic calculations of the pinning force through-
out the crust and a hydrodynamic evolution of the vor-
tices, was shown to explain qualitatively the Vela glitch
sizes and post-glitch rotational evolution and potentially
constrain the EOS (Haskell et al. 2012; Pizzochero 2011;
Seveso et al. 2012), despite remaining uncertainties in as-
pects of the glitch model such as the trigger mechanism
(Glampedakis & Andersson 2009; Warszawski et al. 2012)
and ignoring the entrainment of neutrons in the crust. In
this model the dynamics of the vortices are such that, on
timsescales of ⇤ 3yrs, crustal superfluid neutrons depin in
a front which moves radially outwards from the base of the
crust until it reaches densities at which the pinning force is a
maximum. At this point, the accumulated angular momen-
tum of the pinning front is transferred to the charged com-
ponent of the star suddenly, and the glitch occurs. Due to
the analogy of pushing snow slowly up a hill before releasing
it down the other side, it is referred to as the “snowplough”
model by the authors. One feature of the model is that the
vortices are pinned only in the region where they are totally
immersed in the crust, an equatorial ring which accounts for
⇤ 10% the mass of the whole crust, therefore reducing �I
by a factor of ⇤10. In this model, the crust-core coupling is
such that I ⌅ Itot, and so the ratio �I/I is still able to ac-
count for the observed Vela glitch activity for selected EoSs
(Seveso et al. 2012). In addition, it can also account for the
initial relative post-glitch acceleration of the crust inferred
from the 2000 Vela glitch timing data (Dodson et al. 2002).
With entrainment yet to be taken into account, however, it
remains an open question as to the e⌃cacy of the the model.

The aim of this paper is to examine the range of pre-
dictions for �I/I and for the initial post-glitch acceleration
within the framework of the “snowplough” model by varying

the most uncertain nuclear matter parameters over their ex-
perimentally and theoretically constrained ranges, and tak-
ing into account entrainment in a simple way akin to the
recent studies (Chamel 2012a; Andersson et al. 2012). To
do this, we shall apply systematically and consistently gen-
erated sequences of crust and core EOSs together with the
relevant crust compositions (Newton et al. 2011) to mod-
eling glitches for the first time. The consistent modeling of
crust and core properties when exploring the dependence of
neutron star observables has been presented before (Gear-
heart et al. 2011; Wen et al. 2012; Newton et al. 2011), and
here extends to modeling the crust thickness, density of su-
perfluid neutrons throughout the crust, core EOS and core
proton fraction using the same underlying nuclear matter
EOSs.

Much e⇤ort has been devoted to constraining the EOS
of nuclear and neutron star matter, particularly through
constraining the density dependence of the symmetry en-
ergy at nuclear saturation density n0, parameterized by
L = 3n0p0 where p0 is the pressure of pure neutron matter
at saturation density, which is strongly correlated with the
pressure in neutron stars at that density. Nuclear experimen-
tal probes (for a recent review see (Tsang et al. 2012)) give a
conservative range of L = 25�105 MeV, although some more
recent results on the nuclear experimental side (Lattimer
& Lim 2012), as well as tentative constraints from neutron
star observation (Newton & Li 2009; Gearheart et al. 2011;
Wen et al. 2012; Steiner & Gandolfi 2012) and from ab-initio
pure neutron matter calculations (Gezerlis & Carlson 2010;
Hebeler & Schwenk 2010; Gandolfi et al. 2012) favor the
lower half of that range (although, for a counter-example,
see e.g. (Sotani et al. 2012)). The high-density behavior of
the EOS is even more uncertain both theoretically and ex-
perimentally (Xiao et al. 2009; Russotto et al. 2011), even
if one restricts the composition to purely nucleonic matter,
with some of the only constraints coming from analysis of
heavy-ion collisions (Danielewicz et al. 2002) and the ob-
servation of a 1.97M� neutron star (Demorest et al. 2010).
In this paper we shall explore the impact of systematically
varying the density dependence of the symmetry energy L
at saturation density on the glitch model.

In Section 2 we describe our glitch modeling and series
of EOSs and how we compare with observational quantities.
In Section 3 we present and discuss our results and in Section
4 we discuss our conclusions.

2 THE GLITCH MODEL

The observed angular frequency, ⇥, of a pulsar is presumed
to be that of its ionic crustal lattice in which the magnetic
field lines are anchored. When considering glitch sizes and
immediate post-glitch evolution, it is important to define
that component of the star strongly coupled to the lattice
on timescales comparable with the glitch rise time, which is
observationally constrained to be ⇥ 40s (Dodson et al. 2002).
In our minimal model of the core which contains purely nu-
cleonic matter, this component contains the core protons
and some fraction of the core neutrons, and we shall refer
to it as the charged component of the star.

We will outline the glitch mechanism according to the
recently studied “snowplough” model, the first attempt at a
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we shall referred to as the charged component of the star),
�I/I � 1.6% ⇥ G (Link et al. 1999). Assuming the angular
momentum reservoir is the whole of the crustal neutron su-
perfluid �I = Icsf and the charged component it couples to
is essentially the whole star I = Itot, many realistic neutron
star (NS) equations of state (EoSs) can satisfy the condi-
tion �I/I � 1%, and indeed it can be used to constrain
the NS EoS (Lorenz et al. 1993; Link et al. 1999). However,
recent calculations of the strength of entrainment of con-
duction neutrons by the crustal lattice via Bragg scattering
suggest that the fraction of neutrons in the crust decoupled
from the charged component of the star and able to act as
the angular momentum reservoir is e⇤ectively �I ⇤ 0.2Icsf ,
making �I/I too small to explain the observed glitch sizes
at a first glance (Chamel 2012a,b; Andersson et al. 2012),
and thus suggesting one must go beyond the crust to find the
angular momentum reservoir. These studies assume a tight
coupling between crust and core so that I ⇤ Itot. However,
estimates of the crust-core coupling timescales due to inter-
actions of neutron vortices and type-I or type-II supercon-
ducting protons (Alpar & Sauls (1988); Sedrakian (2005);
Andersson et al. (2006); Jones (2006); Babaev (2009); Link
(2012)) do not preclude the possibility of only a small frac-
tion of the core neutrons being coupled to the crust at the
time of glitch, and in the latter case suggest that this is in
fact likely. Therefore it is possible that I ⌅ Itot, allowing
the ratio �I/I to satisfy the lower bound of 1.6% again with
only crustal superfluid neutrons involved.

Recently, a detailed model of such a scenario incorpo-
rating microscopic calculations of the pinning force through-
out the crust and a hydrodynamic evolution of the vor-
tices, was shown to explain qualitatively the Vela glitch
sizes and post-glitch rotational evolution and potentially
constrain the EOS (Haskell et al. 2012; Pizzochero 2011;
Seveso et al. 2012), despite remaining uncertainties in as-
pects of the glitch model such as the trigger mechanism
(Glampedakis & Andersson 2009; Warszawski et al. 2012)
and ignoring the entrainment of neutrons in the crust. In
this model the dynamics of the vortices are such that, on
timsescales of ⇤ 3yrs, crustal superfluid neutrons depin in
a front which moves radially outwards from the base of the
crust until it reaches densities at which the pinning force is a
maximum. At this point, the accumulated angular momen-
tum of the pinning front is transferred to the charged com-
ponent of the star suddenly, and the glitch occurs. Due to
the analogy of pushing snow slowly up a hill before releasing
it down the other side, it is referred to as the “snowplough”
model by the authors. One feature of the model is that the
vortices are pinned only in the region where they are totally
immersed in the crust, an equatorial ring which accounts for
⇤ 10% the mass of the whole crust, therefore reducing �I
by a factor of ⇤10. In this model, the crust-core coupling is
such that I ⌅ Itot, and so the ratio �I/I is still able to ac-
count for the observed Vela glitch activity for selected EoSs
(Seveso et al. 2012). In addition, it can also account for the
initial relative post-glitch acceleration of the crust inferred
from the 2000 Vela glitch timing data (Dodson et al. 2002).
With entrainment yet to be taken into account, however, it
remains an open question as to the e⌃cacy of the the model.

The aim of this paper is to examine the range of pre-
dictions for �I/I and for the initial post-glitch acceleration
within the framework of the “snowplough” model by varying

the most uncertain nuclear matter parameters over their ex-
perimentally and theoretically constrained ranges, and tak-
ing into account entrainment in a simple way akin to the
recent studies (Chamel 2012a; Andersson et al. 2012). To
do this, we shall apply systematically and consistently gen-
erated sequences of crust and core EOSs together with the
relevant crust compositions (Newton et al. 2011) to mod-
eling glitches for the first time. The consistent modeling of
crust and core properties when exploring the dependence of
neutron star observables has been presented before (Gear-
heart et al. 2011; Wen et al. 2012; Newton et al. 2011), and
here extends to modeling the crust thickness, density of su-
perfluid neutrons throughout the crust, core EOS and core
proton fraction using the same underlying nuclear matter
EOSs.

Much e⇤ort has been devoted to constraining the EOS
of nuclear and neutron star matter, particularly through
constraining the density dependence of the symmetry en-
ergy at nuclear saturation density n0, parameterized by
L = 3n0p0 where p0 is the pressure of pure neutron matter
at saturation density, which is strongly correlated with the
pressure in neutron stars at that density. Nuclear experimen-
tal probes (for a recent review see (Tsang et al. 2012)) give a
conservative range of L = 25�105 MeV, although some more
recent results on the nuclear experimental side (Lattimer
& Lim 2012), as well as tentative constraints from neutron
star observation (Newton & Li 2009; Gearheart et al. 2011;
Wen et al. 2012; Steiner & Gandolfi 2012) and from ab-initio
pure neutron matter calculations (Gezerlis & Carlson 2010;
Hebeler & Schwenk 2010; Gandolfi et al. 2012) favor the
lower half of that range (although, for a counter-example,
see e.g. (Sotani et al. 2012)). The high-density behavior of
the EOS is even more uncertain both theoretically and ex-
perimentally (Xiao et al. 2009; Russotto et al. 2011), even
if one restricts the composition to purely nucleonic matter,
with some of the only constraints coming from analysis of
heavy-ion collisions (Danielewicz et al. 2002) and the ob-
servation of a 1.97M� neutron star (Demorest et al. 2010).
In this paper we shall explore the impact of systematically
varying the density dependence of the symmetry energy L
at saturation density on the glitch model.

In Section 2 we describe our glitch modeling and series
of EOSs and how we compare with observational quantities.
In Section 3 we present and discuss our results and in Section
4 we discuss our conclusions.

2 THE GLITCH MODEL

The observed angular frequency, ⇥, of a pulsar is presumed
to be that of its ionic crustal lattice in which the magnetic
field lines are anchored. When considering glitch sizes and
immediate post-glitch evolution, it is important to define
that component of the star strongly coupled to the lattice
on timescales comparable with the glitch rise time, which is
observationally constrained to be ⇥ 40s (Dodson et al. 2002).
In our minimal model of the core which contains purely nu-
cleonic matter, this component contains the core protons
and some fraction of the core neutrons, and we shall refer
to it as the charged component of the star.

We will outline the glitch mechanism according to the
recently studied “snowplough” model, the first attempt at a
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we shall referred to as the charged component of the star),
�I/I � 1.6% ⇥ G (Link et al. 1999). Assuming the angular
momentum reservoir is the whole of the crustal neutron su-
perfluid �I = Icsf and the charged component it couples to
is essentially the whole star I = Itot, many realistic neutron
star (NS) equations of state (EoSs) can satisfy the condi-
tion �I/I � 1%, and indeed it can be used to constrain
the NS EoS (Lorenz et al. 1993; Link et al. 1999). However,
recent calculations of the strength of entrainment of con-
duction neutrons by the crustal lattice via Bragg scattering
suggest that the fraction of neutrons in the crust decoupled
from the charged component of the star and able to act as
the angular momentum reservoir is e⇤ectively �I ⇤ 0.2Icsf ,
making �I/I too small to explain the observed glitch sizes
at a first glance (Chamel 2012a,b; Andersson et al. 2012),
and thus suggesting one must go beyond the crust to find the
angular momentum reservoir. These studies assume a tight
coupling between crust and core so that I ⇤ Itot. However,
estimates of the crust-core coupling timescales due to inter-
actions of neutron vortices and type-I or type-II supercon-
ducting protons (Alpar & Sauls (1988); Sedrakian (2005);
Andersson et al. (2006); Jones (2006); Babaev (2009); Link
(2012)) do not preclude the possibility of only a small frac-
tion of the core neutrons being coupled to the crust at the
time of glitch, and in the latter case suggest that this is in
fact likely. Therefore it is possible that I ⌅ Itot, allowing
the ratio �I/I to satisfy the lower bound of 1.6% again with
only crustal superfluid neutrons involved.

Recently, a detailed model of such a scenario incorpo-
rating microscopic calculations of the pinning force through-
out the crust and a hydrodynamic evolution of the vor-
tices, was shown to explain qualitatively the Vela glitch
sizes and post-glitch rotational evolution and potentially
constrain the EOS (Haskell et al. 2012; Pizzochero 2011;
Seveso et al. 2012), despite remaining uncertainties in as-
pects of the glitch model such as the trigger mechanism
(Glampedakis & Andersson 2009; Warszawski et al. 2012)
and ignoring the entrainment of neutrons in the crust. In
this model the dynamics of the vortices are such that, on
timsescales of ⇤ 3yrs, crustal superfluid neutrons depin in
a front which moves radially outwards from the base of the
crust until it reaches densities at which the pinning force is a
maximum. At this point, the accumulated angular momen-
tum of the pinning front is transferred to the charged com-
ponent of the star suddenly, and the glitch occurs. Due to
the analogy of pushing snow slowly up a hill before releasing
it down the other side, it is referred to as the “snowplough”
model by the authors. One feature of the model is that the
vortices are pinned only in the region where they are totally
immersed in the crust, an equatorial ring which accounts for
⇤ 10% the mass of the whole crust, therefore reducing �I
by a factor of ⇤10. In this model, the crust-core coupling is
such that I ⌅ Itot, and so the ratio �I/I is still able to ac-
count for the observed Vela glitch activity for selected EoSs
(Seveso et al. 2012). In addition, it can also account for the
initial relative post-glitch acceleration of the crust inferred
from the 2000 Vela glitch timing data (Dodson et al. 2002).
With entrainment yet to be taken into account, however, it
remains an open question as to the e⌃cacy of the the model.

The aim of this paper is to examine the range of pre-
dictions for �I/I and for the initial post-glitch acceleration
within the framework of the “snowplough” model by varying

the most uncertain nuclear matter parameters over their ex-
perimentally and theoretically constrained ranges, and tak-
ing into account entrainment in a simple way akin to the
recent studies (Chamel 2012a; Andersson et al. 2012). To
do this, we shall apply systematically and consistently gen-
erated sequences of crust and core EOSs together with the
relevant crust compositions (Newton et al. 2011) to mod-
eling glitches for the first time. The consistent modeling of
crust and core properties when exploring the dependence of
neutron star observables has been presented before (Gear-
heart et al. 2011; Wen et al. 2012; Newton et al. 2011), and
here extends to modeling the crust thickness, density of su-
perfluid neutrons throughout the crust, core EOS and core
proton fraction using the same underlying nuclear matter
EOSs.

Much e⇤ort has been devoted to constraining the EOS
of nuclear and neutron star matter, particularly through
constraining the density dependence of the symmetry en-
ergy at nuclear saturation density n0, parameterized by
L = 3n0p0 where p0 is the pressure of pure neutron matter
at saturation density, which is strongly correlated with the
pressure in neutron stars at that density. Nuclear experimen-
tal probes (for a recent review see (Tsang et al. 2012)) give a
conservative range of L = 25�105 MeV, although some more
recent results on the nuclear experimental side (Lattimer
& Lim 2012), as well as tentative constraints from neutron
star observation (Newton & Li 2009; Gearheart et al. 2011;
Wen et al. 2012; Steiner & Gandolfi 2012) and from ab-initio
pure neutron matter calculations (Gezerlis & Carlson 2010;
Hebeler & Schwenk 2010; Gandolfi et al. 2012) favor the
lower half of that range (although, for a counter-example,
see e.g. (Sotani et al. 2012)). The high-density behavior of
the EOS is even more uncertain both theoretically and ex-
perimentally (Xiao et al. 2009; Russotto et al. 2011), even
if one restricts the composition to purely nucleonic matter,
with some of the only constraints coming from analysis of
heavy-ion collisions (Danielewicz et al. 2002) and the ob-
servation of a 1.97M� neutron star (Demorest et al. 2010).
In this paper we shall explore the impact of systematically
varying the density dependence of the symmetry energy L
at saturation density on the glitch model.

In Section 2 we describe our glitch modeling and series
of EOSs and how we compare with observational quantities.
In Section 3 we present and discuss our results and in Section
4 we discuss our conclusions.

2 THE GLITCH MODEL

The observed angular frequency, ⇥, of a pulsar is presumed
to be that of its ionic crustal lattice in which the magnetic
field lines are anchored. When considering glitch sizes and
immediate post-glitch evolution, it is important to define
that component of the star strongly coupled to the lattice
on timescales comparable with the glitch rise time, which is
observationally constrained to be ⇥ 40s (Dodson et al. 2002).
In our minimal model of the core which contains purely nu-
cleonic matter, this component contains the core protons
and some fraction of the core neutrons, and we shall refer
to it as the charged component of the star.

We will outline the glitch mechanism according to the
recently studied “snowplough” model, the first attempt at a
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we shall referred to as the charged component of the star),
�I/I � 1.6% ⇥ G (Link et al. 1999). Assuming the angular
momentum reservoir is the whole of the crustal neutron su-
perfluid �I = Icsf and the charged component it couples to
is essentially the whole star I = Itot, many realistic neutron
star (NS) equations of state (EoSs) can satisfy the condi-
tion �I/I � 1%, and indeed it can be used to constrain
the NS EoS (Lorenz et al. 1993; Link et al. 1999). However,
recent calculations of the strength of entrainment of con-
duction neutrons by the crustal lattice via Bragg scattering
suggest that the fraction of neutrons in the crust decoupled
from the charged component of the star and able to act as
the angular momentum reservoir is e⇤ectively �I ⇤ 0.2Icsf ,
making �I/I too small to explain the observed glitch sizes
at a first glance (Chamel 2012a,b; Andersson et al. 2012),
and thus suggesting one must go beyond the crust to find the
angular momentum reservoir. These studies assume a tight
coupling between crust and core so that I ⇤ Itot. However,
estimates of the crust-core coupling timescales due to inter-
actions of neutron vortices and type-I or type-II supercon-
ducting protons (Alpar & Sauls (1988); Sedrakian (2005);
Andersson et al. (2006); Jones (2006); Babaev (2009); Link
(2012)) do not preclude the possibility of only a small frac-
tion of the core neutrons being coupled to the crust at the
time of glitch, and in the latter case suggest that this is in
fact likely. Therefore it is possible that I ⌅ Itot, allowing
the ratio �I/I to satisfy the lower bound of 1.6% again with
only crustal superfluid neutrons involved.

Recently, a detailed model of such a scenario incorpo-
rating microscopic calculations of the pinning force through-
out the crust and a hydrodynamic evolution of the vor-
tices, was shown to explain qualitatively the Vela glitch
sizes and post-glitch rotational evolution and potentially
constrain the EOS (Haskell et al. 2012; Pizzochero 2011;
Seveso et al. 2012), despite remaining uncertainties in as-
pects of the glitch model such as the trigger mechanism
(Glampedakis & Andersson 2009; Warszawski et al. 2012)
and ignoring the entrainment of neutrons in the crust. In
this model the dynamics of the vortices are such that, on
timsescales of ⇤ 3yrs, crustal superfluid neutrons depin in
a front which moves radially outwards from the base of the
crust until it reaches densities at which the pinning force is a
maximum. At this point, the accumulated angular momen-
tum of the pinning front is transferred to the charged com-
ponent of the star suddenly, and the glitch occurs. Due to
the analogy of pushing snow slowly up a hill before releasing
it down the other side, it is referred to as the “snowplough”
model by the authors. One feature of the model is that the
vortices are pinned only in the region where they are totally
immersed in the crust, an equatorial ring which accounts for
⇤ 10% the mass of the whole crust, therefore reducing �I
by a factor of ⇤10. In this model, the crust-core coupling is
such that I ⌅ Itot, and so the ratio �I/I is still able to ac-
count for the observed Vela glitch activity for selected EoSs
(Seveso et al. 2012). In addition, it can also account for the
initial relative post-glitch acceleration of the crust inferred
from the 2000 Vela glitch timing data (Dodson et al. 2002).
With entrainment yet to be taken into account, however, it
remains an open question as to the e⌃cacy of the the model.

The aim of this paper is to examine the range of pre-
dictions for �I/I and for the initial post-glitch acceleration
within the framework of the “snowplough” model by varying

the most uncertain nuclear matter parameters over their ex-
perimentally and theoretically constrained ranges, and tak-
ing into account entrainment in a simple way akin to the
recent studies (Chamel 2012a; Andersson et al. 2012). To
do this, we shall apply systematically and consistently gen-
erated sequences of crust and core EOSs together with the
relevant crust compositions (Newton et al. 2011) to mod-
eling glitches for the first time. The consistent modeling of
crust and core properties when exploring the dependence of
neutron star observables has been presented before (Gear-
heart et al. 2011; Wen et al. 2012; Newton et al. 2011), and
here extends to modeling the crust thickness, density of su-
perfluid neutrons throughout the crust, core EOS and core
proton fraction using the same underlying nuclear matter
EOSs.

Much e⇤ort has been devoted to constraining the EOS
of nuclear and neutron star matter, particularly through
constraining the density dependence of the symmetry en-
ergy at nuclear saturation density n0, parameterized by
L = 3n0p0 where p0 is the pressure of pure neutron matter
at saturation density, which is strongly correlated with the
pressure in neutron stars at that density. Nuclear experimen-
tal probes (for a recent review see (Tsang et al. 2012)) give a
conservative range of L = 25�105 MeV, although some more
recent results on the nuclear experimental side (Lattimer
& Lim 2012), as well as tentative constraints from neutron
star observation (Newton & Li 2009; Gearheart et al. 2011;
Wen et al. 2012; Steiner & Gandolfi 2012) and from ab-initio
pure neutron matter calculations (Gezerlis & Carlson 2010;
Hebeler & Schwenk 2010; Gandolfi et al. 2012) favor the
lower half of that range (although, for a counter-example,
see e.g. (Sotani et al. 2012)). The high-density behavior of
the EOS is even more uncertain both theoretically and ex-
perimentally (Xiao et al. 2009; Russotto et al. 2011), even
if one restricts the composition to purely nucleonic matter,
with some of the only constraints coming from analysis of
heavy-ion collisions (Danielewicz et al. 2002) and the ob-
servation of a 1.97M� neutron star (Demorest et al. 2010).
In this paper we shall explore the impact of systematically
varying the density dependence of the symmetry energy L
at saturation density on the glitch model.

In Section 2 we describe our glitch modeling and series
of EOSs and how we compare with observational quantities.
In Section 3 we present and discuss our results and in Section
4 we discuss our conclusions.

2 THE GLITCH MODEL

The observed angular frequency, ⇥, of a pulsar is presumed
to be that of its ionic crustal lattice in which the magnetic
field lines are anchored. When considering glitch sizes and
immediate post-glitch evolution, it is important to define
that component of the star strongly coupled to the lattice
on timescales comparable with the glitch rise time, which is
observationally constrained to be ⇥ 40s (Dodson et al. 2002).
In our minimal model of the core which contains purely nu-
cleonic matter, this component contains the core protons
and some fraction of the core neutrons, and we shall refer
to it as the charged component of the star.

We will outline the glitch mechanism according to the
recently studied “snowplough” model, the first attempt at a
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we shall referred to as the charged component of the star),
�I/I � 1.6% ⇥ G (Link et al. 1999). Assuming the angular
momentum reservoir is the whole of the crustal neutron su-
perfluid �I = Icsf and the charged component it couples to
is essentially the whole star I = Itot, many realistic neutron
star (NS) equations of state (EoSs) can satisfy the condi-
tion �I/I � 1%, and indeed it can be used to constrain
the NS EoS (Lorenz et al. 1993; Link et al. 1999). However,
recent calculations of the strength of entrainment of con-
duction neutrons by the crustal lattice via Bragg scattering
suggest that the fraction of neutrons in the crust decoupled
from the charged component of the star and able to act as
the angular momentum reservoir is e⇤ectively �I ⇤ 0.2Icsf ,
making �I/I too small to explain the observed glitch sizes
at a first glance (Chamel 2012a,b; Andersson et al. 2012),
and thus suggesting one must go beyond the crust to find the
angular momentum reservoir. These studies assume a tight
coupling between crust and core so that I ⇤ Itot. However,
estimates of the crust-core coupling timescales due to inter-
actions of neutron vortices and type-I or type-II supercon-
ducting protons (Alpar & Sauls (1988); Sedrakian (2005);
Andersson et al. (2006); Jones (2006); Babaev (2009); Link
(2012)) do not preclude the possibility of only a small frac-
tion of the core neutrons being coupled to the crust at the
time of glitch, and in the latter case suggest that this is in
fact likely. Therefore it is possible that I ⌅ Itot, allowing
the ratio �I/I to satisfy the lower bound of 1.6% again with
only crustal superfluid neutrons involved.

Recently, a detailed model of such a scenario incorpo-
rating microscopic calculations of the pinning force through-
out the crust and a hydrodynamic evolution of the vor-
tices, was shown to explain qualitatively the Vela glitch
sizes and post-glitch rotational evolution and potentially
constrain the EOS (Haskell et al. 2012; Pizzochero 2011;
Seveso et al. 2012), despite remaining uncertainties in as-
pects of the glitch model such as the trigger mechanism
(Glampedakis & Andersson 2009; Warszawski et al. 2012)
and ignoring the entrainment of neutrons in the crust. In
this model the dynamics of the vortices are such that, on
timsescales of ⇤ 3yrs, crustal superfluid neutrons depin in
a front which moves radially outwards from the base of the
crust until it reaches densities at which the pinning force is a
maximum. At this point, the accumulated angular momen-
tum of the pinning front is transferred to the charged com-
ponent of the star suddenly, and the glitch occurs. Due to
the analogy of pushing snow slowly up a hill before releasing
it down the other side, it is referred to as the “snowplough”
model by the authors. One feature of the model is that the
vortices are pinned only in the region where they are totally
immersed in the crust, an equatorial ring which accounts for
⇤ 10% the mass of the whole crust, therefore reducing �I
by a factor of ⇤10. In this model, the crust-core coupling is
such that I ⌅ Itot, and so the ratio �I/I is still able to ac-
count for the observed Vela glitch activity for selected EoSs
(Seveso et al. 2012). In addition, it can also account for the
initial relative post-glitch acceleration of the crust inferred
from the 2000 Vela glitch timing data (Dodson et al. 2002).
With entrainment yet to be taken into account, however, it
remains an open question as to the e⌃cacy of the the model.

The aim of this paper is to examine the range of pre-
dictions for �I/I and for the initial post-glitch acceleration
within the framework of the “snowplough” model by varying

the most uncertain nuclear matter parameters over their ex-
perimentally and theoretically constrained ranges, and tak-
ing into account entrainment in a simple way akin to the
recent studies (Chamel 2012a; Andersson et al. 2012). To
do this, we shall apply systematically and consistently gen-
erated sequences of crust and core EOSs together with the
relevant crust compositions (Newton et al. 2011) to mod-
eling glitches for the first time. The consistent modeling of
crust and core properties when exploring the dependence of
neutron star observables has been presented before (Gear-
heart et al. 2011; Wen et al. 2012; Newton et al. 2011), and
here extends to modeling the crust thickness, density of su-
perfluid neutrons throughout the crust, core EOS and core
proton fraction using the same underlying nuclear matter
EOSs.

Much e⇤ort has been devoted to constraining the EOS
of nuclear and neutron star matter, particularly through
constraining the density dependence of the symmetry en-
ergy at nuclear saturation density n0, parameterized by
L = 3n0p0 where p0 is the pressure of pure neutron matter
at saturation density, which is strongly correlated with the
pressure in neutron stars at that density. Nuclear experimen-
tal probes (for a recent review see (Tsang et al. 2012)) give a
conservative range of L = 25�105 MeV, although some more
recent results on the nuclear experimental side (Lattimer
& Lim 2012), as well as tentative constraints from neutron
star observation (Newton & Li 2009; Gearheart et al. 2011;
Wen et al. 2012; Steiner & Gandolfi 2012) and from ab-initio
pure neutron matter calculations (Gezerlis & Carlson 2010;
Hebeler & Schwenk 2010; Gandolfi et al. 2012) favor the
lower half of that range (although, for a counter-example,
see e.g. (Sotani et al. 2012)). The high-density behavior of
the EOS is even more uncertain both theoretically and ex-
perimentally (Xiao et al. 2009; Russotto et al. 2011), even
if one restricts the composition to purely nucleonic matter,
with some of the only constraints coming from analysis of
heavy-ion collisions (Danielewicz et al. 2002) and the ob-
servation of a 1.97M� neutron star (Demorest et al. 2010).
In this paper we shall explore the impact of systematically
varying the density dependence of the symmetry energy L
at saturation density on the glitch model.

In Section 2 we describe our glitch modeling and series
of EOSs and how we compare with observational quantities.
In Section 3 we present and discuss our results and in Section
4 we discuss our conclusions.

2 THE GLITCH MODEL

The observed angular frequency, ⇥, of a pulsar is presumed
to be that of its ionic crustal lattice in which the magnetic
field lines are anchored. When considering glitch sizes and
immediate post-glitch evolution, it is important to define
that component of the star strongly coupled to the lattice
on timescales comparable with the glitch rise time, which is
observationally constrained to be ⇥ 40s (Dodson et al. 2002).
In our minimal model of the core which contains purely nu-
cleonic matter, this component contains the core protons
and some fraction of the core neutrons, and we shall refer
to it as the charged component of the star.

We will outline the glitch mechanism according to the
recently studied “snowplough” model, the first attempt at a
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one may infer that only some fraction of the core neutron su-
perfluid will contribute to the charged component of the star
at the time of glitch. That fraction is quite uncertain, and
enters into the model as a free parameter Yg, but above es-
timates indicate that it is possible to have Yg ⌅ 1 (Haskell
et al. 2012; Link 2012). We also denote the total neutron
fraction of the core at a given radius r by Q(r). Then the
MoI of the charged component can be expressed (Seveso
et al. 2012)

Ic =
8⇤
3

⇤ R

0

r4[1�Q(r)(1�Ygl)]e
�⇥(r) ⇧̄(r)

⇥

("(r) + P (r))⌅
1� 2GM(r)/r

dr,

(5)
The total moment of inertia of superfluid neutrons in

the inner crust of the star is given by

I(tot)csf =
8⇤
3

⇤ Router

Rinner

r4e�⇥(r) ⇧̄(r)
⇥

("n(r) + Pn(r))⌅
1� 2GM(r)/r

dr (6)

where "n(r) is the energy density of crustal superfluid neu-
trons, Pn(r) is the pressure of the crustal superfluid neu-
trons and Rinner and Router are the radius boundaries for
the inner crust. In the model we consider, only the crustal
superfluid neutrons within the strong pinning region of the
crust, defined as the region within which vortices are totally
immersed in the inner crust, contribute to the glitch itself.
Defining

r2I =
8⇤
3
r4e�⇥(r) ⇧̄(r)

⇥

("n(r) + Pn(r))⌅
1� 2GM(r)/r

(7)

we can write the moment of inertia of the strong pinning
region of inner crust superfluid neutrons as

I(sp)csf =

⇤ ⇤/2

�outer

�⇤ R(�outer)

R(�)

r2Idr
⇥
sin ⇥d⇥ (8)

where R(⇥) is the distance from the core of the star to the
inner boundary of the strong pinning region at an angle ⇥ to
the rotation axis, R(⇥inner) ⇤ Rinner and R(⇥outer) ⇤ Router

(see Fig. 1).
Entrainment of superfluid neutrons by the crust’s lat-

tice reduces the mobility of the neutrons with respect to that
lattice. It can be shown that this e⇤ect is encoded by intro-
ducing an e⇤ective “mesoscopic” neutron mass m⇥

n (Chamel
2005; Chamel & Carter 2006; Chamel 2012b); larger val-
ues correspond to stronger coupling between the neutron
superfluid and the crust, and a reduction in the fraction of
superfluid neutrons able to store angular momentum for the
glitch event. One can include this e⇤ect by modifying the
integrand Eqn 7:

r2I ⇧ r2I⇥ =
mn

m⇥
n(r)

r2I (9)

where m⇥
n(r) is the e⇤ective mass at radius r in the crust. We

obtain m⇥
n(r) from the results of Chamel (Chamel 2012b)

by interpolating between the values calculated at specific
densities to find the e⇤ective mass at arbitrary locations in
the inner crust.

The work of Chamel (Chamel 2012b) ignores the spin-
orbit interaction, which the author notes might weaken the

entrainment e⇤ect. In order to account for this and other
uncertainties, we introduce a parameter e which we use to
control the strength of the entrainment:

m⇥
n ⇧ 1 + (m⇥

n � 1)e (10)

where e = 0 corresponds to no entrainment and e = 1 cor-
responds to full strength entrainment.

The analysis of (Link et al. 1999) identifies the mini-
mum amount of angular momentum stored in the crustal
superfluid reservoir Icsf relative to that of the charged com-
ponent of the star Ic with the parameter G defined

I(sp)csf

Ic
� ⇥̄

|⇥̇|
A ⇤ G (11)

where A is the glitch activity parameter of the pulsar, that
is the slope of the straight line fit to a plot of the cumulative
relative glitch size over time (Link et al. 1999). Currently for
the Vela pulsar, G = 0.016 (Espinoza et al. 2011).

In addition, the 2001 Vela glitch yielded the first mea-
surement of the relative angular acceleration of the charged
component just after the glitch K ⇤ �⇥̇gl/⇥̇0 = 18 ± 6
(Dodson et al. 2002). Assuming that this relative accelera-
tion is the result of the initial re-coupling of the remaining
uncoupled component of the core to the charged component
(i.e. the change in the e⇤ective moment of inertia of the star
acted upon by the magnetic torque), it can be calculated
within the model as (Pizzochero 2011)

�⇥̇gl

⇥̇0

=
(Itot � Ic)

Ic
⇤ K (12)

We shall confront our estimates of the MoI of the var-
ious components of the star with these two observed quan-
tities.

2.1 Nuclear matter parameters and crust and
core equations of state

The microphysical ingredients in the glitch model include
the total pressure and energy density P (nb), ⌃(nb) and those
of the superfluid neutrons Pn(nb), ⌃n(nb) as a function of
baryon density throughout the core and the crust, as well
as the crust-core transition baryon density ncc, the e⇤ective
mass of neutrons in the crust m⇥

n(r)..
In order to calculate the crust and core EOSs a model

for uniform nuclear matter is required. Nuclear matter mod-
els can be characterized by their behavior around nuclear
saturation density n0 = 0.16 fm�3, the density region from
which much of our experimental information is extracted.
We can denote the energy per particle of nuclear matter
around saturation density by E(n, �), where n is the baryon
density and � = 1 � 2x the isospin asymmetry, where x is
the proton fraction. x = 0.5, � = 0 corresponds to symmet-
ric nuclear matter (SNM), and x = 0, � = 1 to pure neutron
matter (PNM). By expanding E(n, x) about � = 0 we can
define the symmetry energy S(n),

E(n, �) = E0(⌅) + S(n)�2 + ..., (13)
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one may infer that only some fraction of the core neutron su-
perfluid will contribute to the charged component of the star
at the time of glitch. That fraction is quite uncertain, and
enters into the model as a free parameter Yg, but above es-
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et al. 2012; Link 2012). We also denote the total neutron
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et al. 2012)
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The total moment of inertia of superfluid neutrons in
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and the time at which the i-mode resonance occurs, we
plot the i-mode and gravitational wave frequency versus
time until (PN) coalescence, tc � t = 3tgw/8 (see e.g.
[30]), in Figure 2. The dashed lines trace the leading
order frequency evolution for a given chirp mass M, go-
ing from left to right. When the dashed line intersects
a colored column, it indicates the time and frequency at
which resonance occurs. From this set of EOSs and M,
a wide range of timescale are possible, from . 0.1 s up to
⇡ 20 s before merger. Also plotted as horizontal dotted
lines are the observed precursor times reported in [5].
Although this comparison assumes that the main flare
is nearly coincident with the binary coalescence, certain
constraints can already be inferred. The relatively high
frequency of the i-mode for the SLy4 EOS means that
the resonance only occurs at late times, close to merger.
Only if M . 1M� can such a model give timescales sim-
ilar to the shortest precursors and the longer precursors
may be especially di�cult for this model to replicate.
Other EOS models, such as Gs, Rs, SkI6, and SkO, are
largely consistent with the timescale of precursors, but as
a larger sample of precursor observations are made, dia-
grams such as this will be useful for constraining EOSs.

A binary with unequal mass NSs may excite two pre-
cursor flares separated by a small time delay, due to the
slight di↵erence in the i-mode frequency. However, the
two precursors (13 s, 0.55 s) observed in GRB 090510,
are too far separated to both be explained by our reso-
nant shattering model of precursors, using two NSs with
the same EOS. The 0.55 s flare may alternatively be ev-
idence of direct crust cracking [10] and a delayed main
GRB burst, the formation of a hyper-massive magnetar
before collapse into a black hole [31], or some other flare
mechanism.

Discussion. We explored the resonant excitation by
tides of a mode that is concentrated at the crust/core
boundary of NSs. We demonstrated that the resonance
occurs between ⇠ 0.1 � 20 s prior to merger in NS-NS
or NH-NS binaries. Further work remains to be done
exploring the details of this model, including the e↵ects
of damping on the mode excitation, the e↵ect of more
realistic NS structure, and the detailed physics of the
magnetospheric emission. However, we have shown that
the energetics of the release of mode and elastic energy
and the timescale at which the resonance occurs are sug-
gestive of the precursors of sGRBS. Using this theoretical
framework we demonstrated that interesting constraints
can be placed on the NS crust EOS with comparisons to
precursor observations.

The direct phase change of the gravitational wave-
form due to the resonant excitation of the mode, �� ⇠
(tgwEb

)/(t
orbit

E

orbit

) ⇠ 10�3 rad, is too small to be di-
rectly measured for signal to noise (SNR) <⇠ 1000. How-
ever, coincident timing between the �-ray burst detectors
and the GW detector would allow precise determination
of the mode frequency, coalescence time, main burst de-
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FIG. 2: The time until PN coalescence (tc � t) as a function
of gravitational wave frequency. The dashed lines show the
frequency evolution of inspiraling binaries for di↵erent chirp
masses M as labeled in units of M�. A given binary moves
from left to right in time. The colored columns show the
resonance frequencies f

mode

= f
gw

of a set of crust EOSs
from [15], over a neutron star mass range of 1.2M� (higher
frequency) to 1.7M� (lower frequency). We take 1.2M� as the
smallest plausible companion mass, giving an upper bound on
the precursor times for each EOS. NS-NS systems will have
chirp masses of 1.0 � 1.5M�, and NS-BH systems with 10 �
20M� BH have chirp masses of 2.7 � 4.5M�. The precursor
times for the GRBs reported in [5] are plotted as horizontal
dotted lines.

lay time, and chirp mass. With parameter extraction
from the GW inspiral at the detection threshold with
SNR ⇠ 10, the dominant error in determining the res-
onant frequency is due to the uncertainty in the timing
of the precursor flare, which is of order the precursor
duration. This implies that the mode frequency can be
determined to fractional accuracy �f/f ⇠ 0.1 s/t

gw

⇠
2% (M/1.2)5/3f8/3

100

. Such a measurement would allow us
to tightly constrain the NS physics and parameters that
determine the mode frequency. This is complementary
to the constraints given by GW coalescence measurement
alone, which are sensitive primarily to the core EOS (e.g.
[32, 33]).

Resonant shattering precursor flares are likely to be
fairly isotropic, and thus may be observable even for
sGRBs where the main flare is beamed away from the
Earth. Such flares may also be a source of electromag-
netic emission for higher mass ratio, lower spin NS-BH
mergers where the neutron star does not disrupt to pro-
duce a torus and main sGRB flare [34, 35].
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to tightly constrain the NS physics and parameters that
determine the mode frequency. This is complementary
to the constraints given by GW coalescence measurement
alone, which are sensitive primarily to the core EOS (e.g.
[32, 33]).

Resonant shattering precursor flares are likely to be
fairly isotropic, and thus may be observable even for
sGRBs where the main flare is beamed away from the
Earth. Such flares may also be a source of electromag-
netic emission for higher mass ratio, lower spin NS-BH
mergers where the neutron star does not disrupt to pro-
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structure and mechanical properties of matter over a wide
range of length scales and timescales (Pethick & Potekhin
1998). Usually, in modeling phenomena associated with elas-
tic properties of the neutron star crust, the shear modulus is
taken to be that of a Coulomb crystal over the whole crust.

In this paper we will estimate the maximal effect of the
pasta phases on two elastic crustal processes that lead to
potentially observable effects by comparing the case where
the shear modulus in the pasta phases is taken to be that of
a crystalline solid (which we refer to as ‘solid’ pasta), with
the case where the shear modulus is set to zero (which we we
refer to as ‘liquid’ pasta). The two neutron star properties
we will examine are the maximal quadrupole deformation of
the crust and the frequency of torsional oscillations of the
crust. The former is important to determine the likelihood
of observing gravitational wave emission mechanism from
rotating, deformed neutron stars (Abbott et al. 2010) and
the latter is a proposed mechanism for generating quasi-
periodic oscillations (QPOs) in the tails of light curves of
giant flares from soft gamma-ray repeaters (SGRs) (Israel
et al. 2005; Watts & Strohmayer 2006; Strohmayer & Watts
2005a,b).

An important ingredient in the crust and core models is
the symmetry energy of nuclear matter as a function of den-
sity, Esym(ρ), which can be defined as the energy difference
per nucleon between pure neutron matter and symmetric nu-
clear matter (equal numbers of protons and neutrons) at a
given density. Its density dependence L at nuclear saturation
density n0 ≈ 0.16 fm−3, related to the pressure of pure neu-
tron matter p0 through the relation L = p0/3n0, is strongly
correlated with the crust-core transition density and the
thickness of the pasta layers (Horowitz & Piekarewicz 2001;
Oyamatsu & Iida 2007; Xu et al. 2008), as well as global
properties of the star such as the radius and moment of in-
ertia (Li & Steiner 2006; Worley et al. 2008). We will use a
simple crustal model which is self-consistent with the core
equation of state, and vary the value of the slope of the
nuclear symmetry energy at saturation density over its ex-
perimentally constrained range to take into account these
correlations consistently.

In section 2 we outline the approximate expressions we
will use to estimate torsional frequencies and mountains, as
well as give details about the EoS used and crustal model,
including the shear modulus. In section 3 we give the results
and in section 4 we discuss our conclusions.

2 METHOD

The shear modulus of a Coulomb lattice of positively
charged nuclei in a uniform negatively charged background
in the neutron star crust at a baryon number density nb was
determined through Monte-Carlo simulation (Ogata & Ichi-
maru 1990; Strohmayer et al. 1991; Chugunov & Horowitz
2010) and can be written as

µ = 0.1106

(

4π
3

)1/3

A−4/3n4/3
b (1−Xn)

4/3(Ze)2, (1)

where the nuclei are characterized by the nucleon and
proton number A,Z and Xn is the fraction of neutrons

not confined to the nuclei. This is the zero-temperature ex-
pression, a good approximation for neutron star tempera-
tures below ∼ 108K. We assume that the shear modulus
is isotropic. From this one can calculate the speed of shear

waves in the crust vs = (µ/ρ)
1
2 , where ρ is the mass density

corresponding to the baryon number density nb.
We will use the expression to calculate the following

quantities:

(i) The fundamental frequency and overtones of crustal
torsional oscillations can be estimated as (Samuelsson & An-
dersson 2007)

ω2
0 ≈

e2νv2s(l − 1)(l + 2)
2RRc

, (2)

ω2
n ≈ eν−λ nπvs

∆

[

1 + e2λ
(l − 1)(l + 2)

2π2

∆2

RRc

1
n2

]

, (3)

respectively, assuming an isotropic crust. n is the number
of radial nodes the mode has, and l is the angular ‘quan-
tum’ number. In order to estimate the superfluid effects of
the dripped neutrons, one introduces a multiplicative factor
ω2

→ ω2ε# (Andersson et al. 2009), where

ε# =
(1−Xn)

[1−Xn(m∗
n/mn)]

(4)

encodes the effect of entrainment of the free neutrons by
the lattice, e2ν = (1−2GM/c2R) and Rc is the radius of the
crust-core boundary. This formula is derived from a plane
wave analysis of the crustal shear perturbation equations
(Piro 2005; Samuelsson & Andersson 2007), and has, in a
related form and without superfluid effects, been used to
study the influence of the nuclear EoS on torsional mode
frequencies (Steiner & Watts 2009). The mesoscopic effec-
tive mass m∗

n encodes the ‘drag’ on the superfluid neutrons
by the crystal lattice through which they flow; it has been
calculated for a limited number of densities (Chamel 2005).
In this work we take the two extreme values m∗

n/mn = 15
and m∗

n/mn = 1, the latter corresponding to no entrainment
effect. Note that the effective mass is the only quantity we do
not calculate self-consistently with the crustal and core EoS
used, something that should be addressed in future studies.

(ii) An estimate of the maximum quadrupole ellipticity
sustainable by the crust of a neutron star of mass M and
radius R

ε ≈
µ

M/Vc

(

GM
R

)−1

× σ̄max ∼ 10−7
×

(

σ̄max

10−2

)

, (5)

where Vc is the crustal volume. This has the simple physi-
cal interpretation of the ratio the stress energy to the gravi-
tational energy of the star multiplied by the breaking strain
of the crust σ̄max. This simple estimate has been confirmed
by rigorous calculations (Ushomirsky et al. 2000; Haskell et
al. 2006). The breaking strain has recently been estimated
to be ≈ 0.1 using molecular dynamics simulations (Horowitz
& Kandau 2009). Additionally, we calculate the equivalent
gravitational wave strain amplitude from a rotating neutron
star with a moment of inertia I , frequency ν and distance
to Earth d (Abbott et al. 2007):

©	
  Max	
  Planck	
  Ins/tute	
  for	
  Astrophysics	
  

Crust	
  thickness	
  

Shear	
  speed	
  at	
  base	
  of	
  crust	
  

Symmetry	
  energy	
  sensi5ve	
  observables:	
  QPOs	
  from	
  X-­‐ray	
  tail	
  of	
  SGR	
  flares	
  

Radius,	
  base-­‐of-­‐crust	
  radius	
  



(2005). Data were recorded in the Goodxenon_2s mode that
allows for time resolution up to!1 !s. The hyperflare intensity
profile, folded at the rotational frequency (see Fig. 1), shows three
peaks. In subsequent discussions we refer to these as peaks 1, 2,
and 3, in order of decreasing peak intensity. We refer to the
region of pulse phase between peaks 2 and 3 as the ‘‘interpulse’’
region.

2.1. Kilohertz Oscillations

Since previous studies have shown the !90 Hz QPO to be
extremely robust and its approximate location in rotational
phase has been linked to the interpulse region, by both Israel et al.
(2005) and Watts & Strohmayer (2006), we began our study by
computing average power spectra around this phase range, but for
a sequence of different time intervals during the flare. We used 3 s
intervals to compute each individual power spectrum and we
initially restricted our search to a Nyquist frequency of 4096 Hz,
although these PCA data can, in principle, be used to sample to
much higher frequencies. We found a significant signal at 625 Hz
in power spectra computed from approximately the last third of
the hyperflare. We now discuss the detection, significance, and
properties of this oscillation.

Figure 2 shows an average power spectrum computed from
nine successive rotations starting approximately 190 s after the
onset of the hyperflare. Shown in Figure 1 are both the time interval
during the flare (top) and the phase region (bottom, dashed lines)
used in computing this spectrum. This power spectrum has a
prominent feature at 625 Hz, and the QPO at 92 Hz is also clearly
detected. To estimate the significance of the 625 Hz feature, we ex-
tended the frequency range to 65 kHz and used all frequency bins
above 800 Hz to estimate the noise power distribution. Figure 2
shows the power spectrum to 65 kHz (main panel), as well as the
distribution of noise powers (inset). We fit the noise power histo-
gram with a "2 function and found a reasonable fit for 87 de-

grees of freedom (dof ) and a small reduction in the Poisson
level of 0.01. This function is also plotted in Figure 2 (inset,
solid curve). Using this noise distribution we find a single trial
significance of 7 ; 10"11 for the 625 Hz feature. The power spec-
trum has 1536 bins up to 4096Hz (2.66Hz resolution), whichwas
the top end of our search range. We emphasize that we extended
the frequency range only after the search, simply to better char-
acterize the noise power distribution. This gives a probability
of 1:1 ; 10"7 to find a peak this high in the power spectrum. The
spectrum shown in Figure 2 was one of a sequence from across
the entire duration of the flare.We computed these by overlapping
the time intervals, so each spectrum in the sequence is not fully
independent. However, even using the total number of spectra
computed (47), we have a significance <1 ; 10"5, so this is a
robust detection.We fit theQPOwith a Lorentzian profile and find
a center frequency and width of 625:5 # 0:15 and 1:8 # 0:4 Hz,
respectively. The 625 Hz QPO has an average amplitude during
this interval of 8:5%.We further note that the strength of the 625Hz
feature is comparable to that of the 92 Hz signal, which provides
additional confidence that it is not simply a statistical fluctuation.
We searched the RHESSI data to see if there was any indication

of a simultaneous 625 Hz peak but did not detect anything sig-
nificant at this time. This is, however, not surprising given the
amplitude and the fact that for such high frequencies we can only
use the RHESSI front segments, which have a much lower count
rate than RXTE (see the discussion in Watts & Strohmayer 2006).
In addition, the RXTE signal is strongest at energies less than
45 keV; at low energies theRHESSI spectrum exhibitsmuch higher
background levels, which could swamp such a weak signal.
We computed dynamic power spectra in the vicinity of 625 Hz

to search for time dependence of the signal. The results suggest
that the 625 Hz oscillation is most strongly associated with the
falling edge of peak 2 of the pulse profile and that it’s amplitude
can vary strongly with time. For example, Figure 3 shows a

Fig. 1.—X-ray intensity of the 2004 December hyperflare as measured by the
PCA (top) and the average pulse profile (bottom). The curves include all good
events detected in PCA channels 10Y200 (nominal energy band from 4Y90 keV).
The main flare takes place approximately 4 s prior to the zero on the timescale. The
time interval in which the 625Hz oscillation was detected is marked by the vertical
dashed lines (top). The vertical lines in the bottomplot denote the phase ranges used
to compute power spectra shown in Figs. 2, 4 and 5 (dashed line), 6 (dash-dotted
line), and 7 (dotted line). The text refers to peaks 1, 2, and 3: peak 1 is at phase
!0.8, peak 2 at !0.1, and peak 3 at !0.6.

Fig. 2.—Average power spectrum from a portion of the hyperflare from SGR
1806"20 (main panel ). We averaged nine 3 s power spectra from the time interval
marked by the vertical dashed lines in the top panel of Fig. 1. The frequency
resolution is 2.66 Hz. The inset panel shows the distribution of noise powers
computed from the frequency range 800Y65,536 Hz as well as the best fitting "2

distribution (solid line). The distribution is plotted in units of #-values. The vertical
dashed line marks the peak power of the 625 Hz feature. See the text for further
discussion.
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claims of Israel et al. (2005) that signals at !30 and 92 Hz are
present toward the end of the hyperflare. These QPOs are ex-
tremely significant; for example, we conservatively estimate
the significance of the 30 Hz QPO at 1:4 ; 10"11, and the 90 Hz
feature is even more significant. These QPOs can be fitted with
Lorentzian profiles. Based on such fits we find centroid frequen-
cies of 28:98 # 0:4 and 92:9 # 0:2Hz, quality factors (!0/!!) of
7 # 0:8 and 39 # 5, and average amplitudes of 20:5% # 3%
and 19:2% # 2%, respectively.

The 30 Hz feature in the RXTE spectrum is far more significant
than the weaker feature at 30 Hz found in the RHESSI spectrum.
This is at first glance surprising, since RHESSI has a higher count
rate once the rear segments are included. There are, however,
several factors that probably contribute to this discrepancy. First,
we are in the interpulse region, where RHESSI’s high background
levels are more important. Second, one cycle of this time period
was excised from the RHESSI data because of an artificial spike
in count rate as a protective attenuator was removed. In addi-
tion, as discussed above, we find occasions in which the 26 Hz
QPO appears far more prominently in the RXTE data than in the
RHESSI data, suggesting that other factors, such as scattering off
the spacecraft and the Earth, may reduce RHESSI’s effectiveness
and offset the higher count rate.

2.4. Amplitude Variation and Frequency Drift

In the periods when they are detected, the QPOs are far from
static. Their amplitudes wax and wane, and there is evidence for
frequency shifts and possible multiplet splitting. In Figure 9 we
show a sequence of dynamical power spectra for the peak 2/
interpulse region, for the time period when the 92.5 Hz QPO is
active. The presence of the strong QPO at this frequency from

Fig. 7.—Average power spectra computed for RXTE and RHESSI data, for one cycle in which either the 18 Hz or the 26 Hz QPO is particularly strong in the RHESSI data
set. Each power spectrum has 1 Hz frequency resolution, and is computed using 0.3 rotational cycles. The interval shown for the!18 Hz QPO starts 89 s after the main flare;
that for the !26 Hz QPO starts 127 s after the main flare. Simultaneous peaks are seen in the RXTE data despite the apparent count rate disadvantages of RXTE.

Fig. 8.—Average power spectrum from the interpulse region during the same
time interval in which the 625 Hz oscillation was detected. The phase interval used
for the average spectrum ismarkedwith vertical dotted lines in Fig. 1. StrongQPOs
at 29 and 92 Hz are clearly detected. See the text for additional discussion.
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Figure 7. (Color online) The frequency of the fundamental tor-
sional oscillation mode (top) and the first overtone (bottom) in
the the crust for a 1.4M! as a function of the slope of the nuclear
symmetry energy L. The circles and triangles show the frequency
assuming the shear modulus in the pasta phases to be that of a
Coulomb lattice; the triangles take into account the entrainment
of the superfluid neutrons by the nuclear clusters. The squares
and diamonds show the frequency assuming the shear modulus
in the pasta phase to be zero (i.e. liquid pasta); the diamonds
take into account the entrainment of the superfluid neutrons by
the nuclear clusters. The dashed lines show possible candidate
frequencies for the fundamental modes; 18, 26, 28, 30Hz in the
fundamental frequency range and 84, 92, 150, 155Hz in the range
of the first overtone.

SGRs only at the lowest values of L. If the pasta phases are
liquid, the frequency falls by a factor of 3, making it difficult
to match the 28Hz frequency observed, and being consistent
with the 18Hz observed frequency only at the lowest value of
L. Compare to the effects of superfluidity, the effects of liq-
uid pasta are about a factor of 4 larger. It should be noted
that the observed frequencies could also be explained by
core Alfvén waves (Sotani et al. 2008). n = 0 modes scale
with [(l + 2)(l − 1)]1/2, so higher-l modes will show a sim-
ilar effect of the pasta phases. The same trend is present
for the first overtone. It is interesting to note that the ob-
served 625Hz mode, often cited as the main candidate for
the first overtone, is consistent only with low L < 50 MeV
and solid pasta, whereas the lower observed frequencies 84-
155Hz, which are often matched with n = 0, l > 2 modes,
are consistent with a wider range of L, 60-110 MeV, and
pasta properties.

4 CONCLUSIONS

We have demonstrated that the pasta phases can have a
very significant effect on observable neutron star phenom-
ena, reducing the frequencies of crustal torsional modes by
up to a factor of 3 and the maximum quadrupole ellipticity
sustainable by the crust by an order of magnitude. The ef-

fect of the pasta phases is comparable with other transport
properties such as entrainment of superfluid neutrons. In ad-
dition, we have demonstrated that a consistent treatment of
the crust composition and core equation of state is required
in modeling these phenomena, and that when one uses such
a consistent treatment the possibility of constraining the nu-
clear symmetry energy at densities around saturation using
astrophysical observations emerges. The models of torsional
modes and mountain building in neutron star crusts have
many other uncertainties. Having a diverse range of neu-
tron star phenomena amenable to independent observation
allows one to check the consistency of our models; study-
ing the signature of nuclear matter properties in such phe-
nomena opens up another set of constraints from nuclear
experiment.

Clearly, more work needs to be done investigating the
likely structure of the pasta phases over a variety of length
scales and estimating their actual shear modulus. This is
likely to depend on the particular shapes present. One
also cannot ignore temperature effects, especially for the
long timescale process of accreting material onto the crust
(Chugunov & Horowitz 2010). The pasta phases are likely
to be disordered on length scales of ≈ 100 cell lengths due
to thermal fluctuations (Watanabe et al. 2000); however,
we cannot rule out some ordering mechanism involving, for
example, the magnetic field. One might envisage the cylin-
ders or slabs aligning along a particular direction, giving
the phases liquid crystal-like properties (Pethick & Potekhin
1998). The approximation of pasta being a liquid may be
quite good for accretion processes which build mountains,
as it is known that many complex fluids exhibit continuous
flow in response to stress applied slowly over long timescales.
A more microscopic treatment of crustal matter, including
shell effects of nuclei and dripped neutrons, is also necessary
for a more realistic determination of the transition densities
and superfluid effects. We hope that demonstrating the fea-
sibility of setting limits on those properties observationally
provides additional motivation for these further studies.

While finalizing this manuscript, we learned of a simi-
lar study which focusses on the torsional crust oscillations
(Sotani 2011). We briefly comment on how our study com-
pares with the results obtained there. The main difference is
that, whereas we use approximate methods for the descrip-
tion of the torsional modes and a consistent treatment of
crust and core EoS, Sotani (2011) uses a more sophisticated
calculation of the crustal frequencies, but a specific crust
and core EoS which are not consistent with each other. The
core EoS used in Sotani (2011) is relatively stiff, giving neu-
tron star radii consistent in our model with L > 100 MeV
(Sotani et al. 2008), putting it outside of current best experi-
mental and observational estimates (Steiner et al. 2010). The
crustal composition model is that of Douchin and Haensel
(DH) (Douchin & Haensel 2001), using the SLy4 EoS with
L = 46 MeV. The transition density to the pasta phases
is taken as a free parameter rather than emerging consis-
tently from the crustal model (indeed, the DH EoS predicts
no pasta phases); the lower value taken, nt ≈ 0.007 fm−3,
is well below that which is realistically expected from liq-
uid drop and more microscopic models. The range we find is
0.05 - 0.07 fm−3

≡ 7× 1013 − 1014 g cm−3. The differences
in our methods makes a direct comparison of our results
difficult. For example, Sotani (2011) obtains a fundamental
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