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Introduc;on and Background	

•  Even	though	the	history	of	researches	in	nuclear	fission	is	
already	more	than	70	years-long,	many	mysteries	sQll	exist	
actually	what	is	going	on	during	the	process	of	nuclear	
fission,	especially	before	scission	

•  Due	to	the	difficulQes,	accuracy	of	the	fission-related	
nuclear	data	is	sQll	considered	not	high	enough	

•  To	resolve	this	situaQon	and	to	understand	many	different	
aspects	of	nuclear	fission	in	a	consistent	way,	we	think	
accurate	dynamical	treatment	of	nuclear	fission	is	
necessary	

• We	are	making	researches	in	fission	by	dynamical	
approaches	with	Langevin	equaQon,	AMD	
(anQsymmetrized	molecular	dynamics)	and	TDHF			

•  Here	we	explain	them	briefly	 3	
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spin	of	148Pm	from	fission	of	n+235U	system	as	a	
funcQon	of	excitaQon	energy	of	compound	nucleus	
Aumann	et	al.,	Phys.	Rev.	C	16,	254-265(1977).	
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PRC21,	204(1980)	
Maruhn	et	al.,	Phys.	Rev.	C	74,	027601(2006).	

Challenges	

Do	fission	fragments	rotate?		If	so,	what	is	the		
origin	of	the	rotaQonal	moQon	and	how	much	
	angular	momenta	they	have	?	

TwisQng	

Bending	

TwisQng	mode	in	fusion	reacQons	

TwisQng	&	Bending	modes	in	fission	

TDHF	or	AMD	approach	
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Anomaly	in	the	average	Total	KineQc	Energy	of	
Fission	Fragments		
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Our approaches (CN to scission)	
Macro-micro	approach	：Langevin	model		
•  	PES	from	macro-micro,	transport	coefficients	from	macro	or	micro	+	random	force	
•  3D	Langevin	with	macroscopic	transport	coefficients	(with	F.Ivaniuk)	
•  3D	Langevin	with	microscopic	transport	coefficients	(by	linear	response	theory)	
•  4D	Langevin	with	macroscopic	transport	coefficients	
•  4D	Langevin	with	microscopic	transport	coefficients	
•  5D	Langevin	--	talk	by	A.	Sierk	
Microscopic	approaches	
AnQsymmetrized	Molecular	Dynamics	(AMD)	
•  Slater	determinant	with	Gaussian	wave	packets	(coherent	state)	as	basis	funcQon	
•  mean	field	calculated	with	SLy4	interacQon	
•  StochasQc	nucleon-nucleon	collisions	to	express	branching	of	Slater	determinant	

and	deformaQon	of	Gaussian	wave	packet	

Time-dependent	Hartree	Fock	(TDHF)	
•  No	restricQon	on	single-parQcle	wave	funcQon	(3D	mesh	calculaQon)	
•  mean	field	by	SV-Bas	interacQon	
•  based	on	OAK3D	and	SKY3D	(no	pairing)	
•  to	obtain	nuclear	fricQon	coefficient	from	dynamical		model	
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neutron	

235U	

SimulaQon	of	nuclear	fission	(235U	+	140	MeV	n)	by	JQMD	

		

JQMD	:	JAERI	Quantum	Molecular	Dynamics		
=	a	semiclassical	molecular	dynamics	for	nuclear	
reacQons	(mean	field	+	NN	collision)	
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JQMD(分子動力学)による140MeV中性子＋238Uの核分裂の時間発展　　　	

K.Niita, T. Maruyama, Y. Nara, S. Chiba and A. Iwamoto, JAERI-Data/Code 99-042(1999)	

Time	evoluQon	of	235U	+	140	MeV	n	reacQon	by	JQMD	

QMD	simulaQon	of	nuclear	fission	(235U	+	140	MeV	n)	



Nuclear fission by Langevin equa;on	

These	2	different	d.o.f		have	different	
2me	scales:	
	

Browning	moQon	

• nucleon	mo2on	:	1	to	10	fm/c	
• shape	mo2on	:	～>10,000fm/c		

Nuclear	shape	evoluQon	
is	driven	by	random	
kicks	by	nucleons	in	
thermal	equilibrium	
(microscopic	d.o.f.)	given	
to	the	nuclear	surface	
(macroscopic	d.o.f)	from	
inside	the	surface	
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qi   : deformation coordinates （nuclear shape） in two-center shell-model 	
　　   parametrization	

pi : : momentum conjugate to   	
    : mass tensor    : Hydrodynamical mass (Werner-Wheeler)	
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多次元ランジュバン方程式	　　Langevin Equations for nuclear fission 

Einstein relation	

or	from	Linear	Response	Theory	(microscopic)	

iq

ip
ijm

iq

ijγ  : friction tensor : Wall and Window formula (one-body dissipation)	

Intrinsic energy 
and Temperature : 	

Shell correction to the potential energy :	

White noise	

	Friction　										Random 
force  

Random force : 	
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Macroscopic	
transport	
coefficients	

{ } },,,{ 2104 αδδZZq D ={ } },,{ 2103 αδδ == ZZq D



Two-center oscillator model                  	
(Maruhn and Greiner, Z. Phys. 251(1972) 431)	

　　Shape parametrization	

: Radius of compound nucleus　　　　　　	

Mass	asymmetry	

ElongaQon	

DeformaQon	of	fragments	at	outer	Qps	2,1,
2

)(3
=

+

−
= i

ba
ba

ii

ii
iδ

●	

●	

●	

R
zZZ 0

0 =

21

21

AA
AA

+

−
=α

R

1	2	 1	1	2	2	
2	

2	

2	 2	 1	 1	

1	

b1	b1	

b2	
b2	 b1	

35.0=ε neck parameter : fixed	●	

Rneck	

Collective coordinates （4 dynamical variables)	

12	

4D :            are independent, 3D : 	21, δδ

{ } },,,{ 2104 αδδZZq D =

fragmentleft   theof mass : 
fragmentright   theof mass : 

2
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A
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21 δδ =

Note	that	neck	radius	depends	on	all	the	5	parameters	
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IniQal	condiQon	of	Langevin	calculaQon	
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Ground	State	

Shape	isomer	

Neutron-induced	fission	

Tunneling	fission	

Fission	from	isomer	

Spontaneous	fission	

We	start	from	here	or	here	with	zero	ini2al	momenta	
(there	is	no	distribu2on	in	the	ini2al	state)	

Many	people	start	from	this	region	
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Example	of	4D	Langevin	trajectories	(236U)	
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R
zZZ 0

0 =
14	



234U	 238Np	

240Pu	

242Am	

Mass	DistribuQon	of	Fission	Fragments	at	Ex=20MeV	

258Fm	
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258Fm	

Distribu;ons of TKE (total kine;c 
energy of fission fragments) 	

236U	

Super	Long	

Super	Short	

Q-value	
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Systema;cs of <TKE> by 3D Langevin	
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Extension to 4D Langevin	

3D	Langevin	

4D	Langevin	

235U	+	n	system	

{ } },,,{ 2104 αδδZZq D =
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(M
eV

)	

(MeV)	

Present(Macro	4D)	

1st	chance	

σTKE by 4D Langevin	

3D	Langevin	

4D	Langevin	

235U	+	n	system	



Nuclear fission by An;symmetrized Molecular Dynamics: AMD	

•  Even	though	the	Langevin-model	descripQon	gives	saQsfactory	
results	in	many	aspects	of	nuclear	fission,	it	has	only	3	to	4	
degrees-of-freedom	to	express	nuclear	shape.		It	should	be	bemer	
to	have	ways	to	describe	the	nuclear	fission	by	microscopic	
theories	having	d.o.f.	of	all	the	nucleons	

•  AMD	is	a	very	successful	microscopic	model	of	nuclear	reacQons	
and	structures	(A.	Ono	et	al,	Prog.	Theor.	Phys.,87(5),(1992),
1185-1206)	

•  Wave	funcQon	of	each	nucleon	is	expressed	by	a	Gaussian	wave	packet	
regarded	as	a	coherent	state	

•  The	total	wave	funcQon	is	given	by	a	Slater	determinant	of	these	single-
parQcle	wave	funcQons	→ unlike	QMD,	this	is	a	properly	anQsymmetried	
quantum-mechanical	theory	

•  Skyrme	interacQon	is	introduced	as	an	effecQve	nuclear	force	
•  Ground-state	of	nuclei	are	obtained	by	fricQonal	cooling	method,	which	
yields	good	BE/A	and	nuclear	radii	

•  The	equaQon	of	moQon	of	wave	packets	is	given	by	Qme-dependent	
variaQonal	principle		

•  StochasQc	nucleon-nucleon	collision,	which	is	absent	in	TDHF	theory,	is	
introduced	with	Pauli	blocking	effect	in	the	final	state,	which	will	act	as	a	
source	of	2-body	fricQon.		 20	
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AMD-1 : Basic formula;on	

Time-dependent	variaQonal	principle:	

Single-parQcle	wave	funcQon	:	Gaussian	coherent	state	

21	

< 𝒓 | 𝝓↓𝒁↓𝒊   > = ( 𝟐𝝂/𝝅 )↑𝟑/𝟒    𝐞𝐱𝐩[−𝝂(𝒓 − 𝒁↓𝒊  /
√𝝂  )↑𝟐 ] �

< 𝒓 | 𝝓↓𝒁↓𝒊   > = (𝟐𝝂/𝝅 )↑𝟑/𝟒 𝐞𝐱𝐩[−𝝂(𝒓 − 𝒁↓𝒊  /
√𝝂  )↑𝟐 ]𝝌↓𝜶↓𝒊  	

𝒁↓𝒊  =√𝝂 𝒓↓𝒊  + 𝒊/𝟐ℏ√𝝂  
𝒑↓𝒊  	

|𝜱(𝒓↓𝟏 , 𝒓↓𝟐 ,…, 𝒓↓𝑨 )> = 𝟏/√𝑨!  𝐝𝐞𝐭[𝝋↓𝒊 (𝒓↓𝒋 )]	
Total	wave	funcQon	

𝝌↓𝜶↓𝒊  =𝒑↑,𝒑↓,𝒏↑,𝒏↓	
	

𝜹∫𝒕𝟏↑𝒕𝟐▒𝒅𝒕𝚽𝒊ℏ 𝒅/𝒅𝒕 −𝑯 𝚽 /𝚽𝚽  =𝟎 	

EquaQon	of	moQon	of	the	mean	
field:	

𝒊ℏ∑𝒋𝝉↑▒𝑪↓𝒊𝝈,𝒋𝝉 𝒁↓𝒋𝝉  = 𝝏𝓗/𝝏𝒁↓𝒊𝝈↑∗    𝐧𝐝 𝐜.𝐜. �

𝓗= <𝚽|𝑯|𝚽>/<𝚽|𝚽> 	𝑪↓𝒊𝝈,𝒋𝝉 = 𝝏↑𝟐 /𝝏𝒁↓𝒊𝝈↑∗ 𝝏𝒁↓𝒋𝝉  𝐥𝐨𝐠<𝜱|𝜱> �
where	



•  EffecQve	N-N	interacQon	(origin	of	nuclear	mean-field)	
•  SLy4	interacQon	

AMD-2 : NN interac;ons	

• StochasQc	NN	collision	as	a	part	of	residual	interacQon	
(A	test	parQcles	from	Wigner	funcQon)		

			mimics	random	force	in	Langevin	theory	
ü In-medium	NN	cross	secQon			
ü Pauli	Blocking	aoer	the	collision	
ü branching	and	deformaQon	of	wave		
			funcQons-->	tunneling,	distribuQon	
	 StochasQc	e.o.m.	

𝑣↓𝑖𝑗 =𝑡↓0 (1+ 𝑥↓0 𝑃↓𝜎 )𝛿(𝒓)+ 1/2 𝑡↓1 (1+ 𝑥↓1 𝑃↓𝜎 )[𝛿(𝒓)𝒌↑2 +𝒓𝛿(𝒓)]+ 𝑡↓2 (1+ 𝑥↓2 
𝑃↓𝜎 )𝒌・𝛿(𝒓)𝒌+ 𝑡↓3 (1+ 𝑥↓3 𝑃↓𝜎 )[𝜌(𝒓↓𝒊 )]↑𝛼 𝛿(𝒓) �
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Ini;al state of 236U (235U + n)	
As	a	first	step	to	simulaQon	of	nuclear	fission	by	
AMD,	here	we	simply	give	a	boost	momentum	to	
each	nucleon,	to	the	opposite	direcQons	for	
nucleons	staying	at	the	leo	region	and	right	region	

23	

E+～1.3MeV/u	



Time evolu;on by AMD, 236U (235U + n)	
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𝐸↑∗ =309.2361[MeV]�



Examination of phenomenological assumptions�

𝟐𝒍=𝟏𝟏𝒓�
𝒍=𝟓.𝟓𝒓	

AMD　：　𝒍～𝟓𝒓	

Brosa, Grossmann & Müller, 
Phys.Rep.197, 167(1990)�

•  Brosa's random neck rupture condition due to 
hydrodynamical Rayleigh instability�

2l�

r

25	

ℓ2

This	verifies	that	Brosa's	
esQmaQon	of	neck	rupture	
condiQon	is	sensible		
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Results : FPY (left) and rotational angular momenta (left)�

•  Due to our specific way of boost, the mass distribution corresponds to symmetric 
fission, which is categorized as super-long mode in Brosa's terminology (low TKE 
component)�

•  Each fragment has, on the average 5 to 10ℏ (on the average around 7ℏ) of 
rotational angular momentum, which is enough to account for the origin of extra 
spins of fission fragments as explained in the introduction�
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千葉先⽣⽤�
TKE (only exp)と2核⼦衝突ありの動画�
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Results : Mass-TKE correlation (left) and excitation energy 
of each fragment (left)�

exp	:	236U	at	excitaQon	energy	of	12	MeV	

•  Our result, which corresponds to the symmetric components, has the same TKE 
values deduced from experiment.  This is in some sense quite satisfactory as well as 
surprising if we consider the difference of excitation energy of the data (20MeV) and 
our calculation (300 MeV).�
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•  This model has a capability to deduce excitation energy of each fragment, which is 
not the case in Langevin-type approaches.  The results E*〜A denotes equi 
temperature Fermi-gas scheme�



1.  There	seems	to	be	no	oscillaQon	in	the	elongaQon	
direcQon	at	all	even	though	the	fact	that	the	way	we	gave	
the	iniQal	condiQon	is	expected	to	result	in	strong	
oscillaQon.		However,	there	do	exist	surface	oscillaQon	

2.  This	result	is	in	contradicQon	to	Langevin	theory	
predicQons,	but	in	accord	with	TDHF	and	QMD	results		

3. We	noQce	that	neck	is	thicker	than	we	expected,	and	
parQcle	exchange	through	the	neck	region	seems	to	be	
quite	important,	which	may	result	in	rotaQon	of	
fragments	

4. Nuclear	shape	is	quite	complicated	during	fission,	which	is	
out	of	reach	if	we	use	only	3,	4	or	5	shape	parameters	
(such	as	used	in	Langevin	descripQon).		In	this	respect,	
descripQon	of	nuclear	fission	by	microscopic	theories	is	
recognized	to	be	very	important	

Results from AMD calcula;on for 236U (235U + n)	

28	

skip	
TDHF

Summary	



Nuclear fric;on by TDHF	

•  We calculate the relative 
distance of fragment 
centers	

•  From its time evolution, 
we derive average friction 
coefficient as explained in 
the next slide	

𝜌(𝒓)=∑𝑖↑𝑁▒|𝜑↓𝑖 |↑2  	 𝑅=|∫↑ ▒𝒓𝜌(𝒓)𝒅𝒓 |	𝑖ℏ 𝑑/𝑑𝑡 𝜑↓𝑖 = ℎ ↓𝑖 𝜑↓𝑖 	

4	
10	

8	
6	

29	



How to obtain fric;on coefficients	

From	the	macroscopic	e.o.m.	for	the		
center	distance	R	

∫𝐼↑𝐹▒𝜇𝑅 𝑑𝑅 +∫𝐼↑𝐹▒𝑑𝑉/𝑑𝑅 𝑑𝑅 +𝛾∫𝐼↑𝐹▒𝑅 𝑑𝑅 =0	

We	can	integrate	

𝜸= (𝟏/𝟐 𝝁𝑹↓𝑩𝑭↑𝟐  + 𝑽↓𝑩𝑭 )−(𝟏/𝟐 𝝁𝑹↓𝑨𝑭↑𝟐  + 𝑽↓𝑨𝑭 )/∫𝑩𝑭↑𝑨𝑭▒𝑹 𝒅𝑹  	

𝜇𝑅 + 𝑑𝑉/𝑑𝑅 +𝛾𝑅  =0	

This	is	the	average	fricQon	coefficients,	
which	depends	on	collision	energy		

Numbers	in	red	characgers	inducate	 𝛾∕𝐴 	
at	 𝐸↓𝑐𝑚 ∕𝐴 =7MeV	

𝐵𝐹	:	Before	Fusion		𝐴𝐹	:	Aoer	Fission	 30	



For 236U (=118Pd + 118Pd) system	

Wall-and-Window	fric2on	is	a	(sta2c	and	semiclassical)	hydrodynamical		result,	
whereas	our	results	are	purely	dynamical	and	quantal	ones,	but	they	coincide	quite	
well.	 31	

FricQon	by	TDHF	

Wall	and	window	
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Possibility of describing ternary 
and quarterly fission by TDHF	

6MeV/A	 7MeV/A	

208Pb+208Pb	



Summary	
•  We	have	described	3	different	dynamical	approaches	to	nuclear	fission	
currently	studies	at	Tokyo	Tech:	

1.  Dynamical	descripQon	of	fission	by	Langevin	equaQon	is	explained		
•  CalculaQons	are	performed	for	acQnides	to	Fm	region	with	both	3D	
and	4D	versions,	macro	and	micro	transport	coefficients	

•  Mass	and	TKE	distribuQon	of	fission	fragments	are	reproduced	with	
a	high	accuracy,	including	their	systemaQcal	trends	

•  With	this	degree	of	accuracy,	this	method	can	be	considered	to	be	
one	of	the	data	producQon	tool	

2.  Our	first	amempt	to	describe	nuclear	fission	by	AMD	was	described	
•  Quite	promising	
•  RotaQonal	angular	momentum	could	be	already	derived	to	be	finite	
•  It	can	account	for	the	extra	spin	which	fission	fragment	has	at	the	onset	

3.  TDHF	approach	was	also	described	
•  to	deduce	nuclear	fricQon	from	quantal	dynamical	model	
•  possibility	of	describing	ternary	or	quarterly	fission	

33	



34	

Thank	you	for	your	amenQon	
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Asymmetric	and	fine	structures	of	mass	distribuQon	of	
primary	fission	products	from	neutron-induced	fission	

A=134	A=100	

post-neutron	
mass	
distribuQon	
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neutron	

235U	

SimulaQon	of	nuclear	fission	(235U	+	140	MeV	n)	by	JQMD	

		

JQMD	:	JAERI	Quantum	Molecular	Dynamics		
=	a	semiclassical	molecular	dynamics	for	nuclear	
reacQons	
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JQMD(分子動力学)による140MeV中性子＋238Uの核分裂の時間発展　　　	

K.Niita, T. Maruyama, Y. Nara, S. Chiba and A. Iwamoto, JAERI-Data/Code 99-042(1999)	

Time	evoluQon	of	235U	+	140	MeV	n	reacQon	by	JQMD	

QMD	simulaQon	of	nuclear	fission	(235U	+	140	MeV	n)	

neutron	

235U	
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JQMD(分子動力学)による140MeV中性子＋238Uの核分裂の時間発展　　　	

K.Niita, T. Maruyama, Y. Nara, S. Chiba and A. Iwamoto, JAERI-Data/Code 99-042(1999)	

Time	evoluQon	of	235U	+	140	MeV	n	reacQon	by	JQMD	

Nuclear	elongaQon	seems	to	evolve	monotonically	(not	
oscillatory)	in	semi-classical	molecular	dynamics.		This	is	also	
seen	in	TDHF	calculaQon	by	Bulgac	et	al.	(Univ.		Washington)	
Fission	Qme	scale	～ 10,000fm/c	

QMD	simulaQon	of	nuclear	fission	(235U	+	140	MeV	n)	
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Essence of computa;onal method	
• Shape parametrization : Two-center model in 3 and 4 

dimensions	

• Potential energy -- macroscopic-microscopic method 	
•  Macroscopic part : Krappe-Nix (double-folded Yukawa model)	
•  Microscopic part : two-center shell model or two-center 

Woods-Saxon model + Strutinsky + BCS	

•  Excitation energy dependence of the shell damping : Ignatyuk 
or Randrup-Moeller prescription	

• Transport coefficients	
•  Werner-Wheeler method for mass tensor (3D and 4D)	

•  Wall-and-Window model for friction tensor (3D and 4D)	

•  Linear response theory for microscopic mass and friction 
tensors (3D only) (Ivaniuk et al., JNST DOI: 

10.1080/00223131.2015.1070111)	

•  		
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Nuclear fission by An;symmetrized Molecular Dynamics: AMD	

•  Even	though	the	Langevin-model	descripQon	gives	saQsfactory	
results	in	many	aspects	of	nuclear	fission,	it	has	only	3	to	4	
degrees-of-freedom	to	express	nuclear	shape.		It	should	be	bemer	
to	have	ways	to	describe	the	nuclear	fission	by	microscopic	
theories	having	d.o.f.	of	all	the	nucleons	

•  AMD	is	a	very	successful	microscopic	model	of	nuclear	reacQons	
and	structures	(A.	Ono	et	al,	Prog.	Theor.	Phys.,87(5),(1992),
1185-1206)	

•  Wave	funcQon	of	each	nucleon	is	expressed	by	a	Gaussian	wave	packet	
regarded	as	a	coherent	state	

•  The	total	wave	funcQon	is	given	by	a	Slater	determinant	of	these	single-
parQcle	wave	funcQons	→ unlike	QMD,	this	is	a	properly	anQsymmetried	
quantum-mechanical	theory	

•  Skyrme	interacQon	is	introduced	as	an	effecQve	nuclear	force	
•  Ground-state	of	nuclei	are	obtained	by	fricQonal	cooling	method,	which	
yields	good	BE/A	and	nuclear	radii	

•  The	equaQon	of	moQon	of	wave	packets	is	given	by	Qme-dependent	
variaQonal	principle		

•  StochasQc	nucleon-nucleon	collision,	which	is	absent	in	TDHF	theory,	is	
introduced	with	Pauli	blocking	effect	in	the	final	state,	which	will	act	as	a	
source	of	2-body	fricQon.		 45	


