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Family of shapes considered 

Basic	  features	  of	  nuclei:	  satura0on	  

Same	  bulk	  density	   Same	  surface	  profile	  

A	  	  ≈	  30	  
A	  ≈	  100	   A	  ≈	  200	  

Nuclear	  maJer	  saturates:	  R	  ≈	  A1/3	  

Nuclei	  are	  leptodermous:	  w	  <<	  R	  

NN	  interac3on	   Nuclear	  density	  profiles	  

SHAPE	  
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Nature	  137	  (1936)	  351	  quo0ng	  Niels	  Bohr:	  
``..	  the	  energy	  of	  the	  incident	  neutron	  will	  be	  rapidly	  	  
divided	  among	  all	  the	  nuclear	  par3cles	  ..’’	  	  

Niels	  Bohr,	  Nature	  137	  (1936)	  344:	  
``..	  neutron	  capture	  ..	  will	  result	  in	  ..	  the	  forma3on	  of	  a	  
compound	  system	  of	  remarkable	  stability.	  The	  possible	  later	  	  
breaking	  up	  of	  this	  system	  ..	  must	  in	  fact	  be	  considered	  as	  	  
separate	  compe3ng	  processes	  which	  have	  no	  immediate	  	  
connexion	  with	  the	  first	  stage	  ..’’	  

Basic	  features	  of	  nuclei:	  memory	  loss	  

Niels	  Bohr,	  Nature	  143	  (1939)	  330:	  
``..	  any	  nuclear	  reac3on	  ini3ated	  by	  collisions	  or	  radia3on	  	  
involves	  as	  an	  intermediate	  stage	  the	  forma3on	  of	  a	  	  
compound	  nucleus	  in	  which	  the	  excita3on	  energy	  is	  	  
distributed	  among	  the	  various	  degrees	  of	  freedom	  in	  	  
a	  way	  resembling	  thermal	  agita3on	  ..’’	  
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Family of shapes considered 

The	  internal	  relaxa0on	  
is	  much	  faster	  than	  the	  
evolu0on	  of	  the	  shape	  

``macroscopic’’	  

``microscopic’’	  

τmicro	  <<	  	  τmacro	  

-‐>	  	  Evapora0on	  

-‐>	  	  Fission	  
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N.	  Bohr	  &	  J.A.	  Wheeler,	  Phys	  Rev	  56	  (1939)	  426:	  

Basic	  features	  of	  nuclear	  fission:	  shape	  dynamics	  
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Nuclear	  shape	  dynamics	  

1)	  Parametrized	  family	  of	  nuclear	  shapes:	  	  q	  =	  {qi}	  

2)	  Poten3al	  energy	  of	  deforma3on:	  	  U(q)	  	  =	  	  U(q1,	  q2,	  …)	  

3)	  Iner3al	  mass	  tensor:	  	  	  M(q)	  =	  	  {Mij(q)}	  	  

4)	  Dissipa3on	  tensor:	  	  	  	  	  	  	  γ(q)	  	  =	  	  {γij(q)}	  	  

	  	  Langevin	  equa0on	  of	  mo0on:	  	  	  dp/dt	  	  =	  	  Fcons	  	  +	  	  Fdiss	  

	  	  Kramers,	  Physica	  7	  (1940)	  284,	  …	  
	  	  Fröbrich	  &	  Gontchar,	  Phys	  Rep	  292	  (1998)	  131	  
	  	  Chadhuri	  &	  Pal,	  Phys	  Rev	  C63	  (2001)	  064603	  
	  	  Karpov,	  Nadtouchy,	  Vanin,	  Adeev,	  Phys	  Rev	  C63	  (2001)	  054610	  
	  	  Nadtouchy,	  Adeev,	  Karpov,	  Phys	  Rev	  C65	  (2002)	  064615	  
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Family of shapes considered 

	  	  Nadtouchy,	  Kelic,	  Schmidt,	  Phys	  Rev	  C75	  (2007)	  064614	  

Examples	  (incomplete	  list)	  [all	  macroscopic]:	  

N	  

1	  

N	  x	  N	  

N	  x	  N	  
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Axially	  symmetric	  nuclear	  shapes	  

Expansion	  of	  R(θ)	  on	  Legendre	  polynomials	  

Nuclear	  shape	  families	  

Jørgen Randrup: FIESTA 2014 7

3 Shape families

Many different shape families have been employed in fission studies. In the present lectures, we
restrict the considerations to shapes that have rotational symmetry around the z axis (deviations
from such “axial” symmetry are known to play a significant role near the first fission barrier)
and we discuss just two of them here.

3.1 Expansion in Legendre polynomials

Axially symmetric shapes in the vicinity of a sphere can be described by R(ϑ), the distance
from the nuclear center to the surface. It is convenient to expand this function in Legendre
polynomials,

R(ϑ) = R0

⎡

⎣1 +
∑

n≥1

αnPn(ϑ)

⎤

⎦ /λ(α1,α2, . . .) , (3-1)

where the normalization constant λ ensures that the enclosed volume remains equal to 4
3πR

3
0.

Roughly speaking, α2 controls the quadrupole moment, α3 the mass asymmetry, and α4 the
neck thickness. While such parametrizations are very suitable for small distortions away from a
sphere, they grow progressively impractical as the fissioning nucleus develops large distortions
for which many terms would be required. (Eventually, as scission is approached, the approach
may even break down entirely because the function R(ϑ) may then no longer be single-valued.)

3.2 Three quadratic surfaces of revolution

In general, an axially symmetric shape can be characterized by ρ(z). In the 3QS parametrization,
the shape is given by three smoothly joined quadratic surfaces [6], so ρ2(z) is of the form

ρ2(z) =

⎧

⎪

⎨

⎪

⎩

L : a 2
1 − (a 2

1 /c
2
1 )(z − ℓ1)2, z0 ≤ z ≤ z1 : ρ∂zρ = −(a 2

1 /c
2
1 )(z − ℓ1) ,

M : a 2
3 − (a 2

3 /c
2
3 )(z − ℓ3)2, z1 ≤ z ≤ z2 : ρ∂zρ = −(a 2

3 /c
2
3 )(z − ℓ3) ,

R : a 2
2 − (a 2

2 /c
2
2 )(z − ℓ2)2, z2 ≤ z ≤ z3 : ρ∂zρ = −(a 2

2 /c
2
2 )(z − ℓ2) .

(3-2)

where z0 ≡ ℓ1− c1 and z3 ≡ ℓ2+ c2. Whereas the left and right shapes are always spheroids and
thus have a 2

i > 0 and a 2
i /c

2
i > 0 for i = 1, 2, the corresponding quantities for the middle shape

may have either sign. When a 2
3 /c

2
3 < 0 the middle shape is either a hyperboloid of one sheet

(a 2
3 > 0), or a hyperboloid of two sheets (a 2

3 < 0). We are not concerned with disconnected
shapes here, but we note that shapes with a 2

3 /c
2
3 > 0 and a 2

3 < 0 may occur for fairly compact
shapes, so both a 2

3 and c 23 can have either sign for the family of connected 3QS shapes.
There are three parameters (ai, ci, ℓi) for each of the three sections, in addition to z1 and z2,

but these are not independent: the middle sections must join the two end sections smoothly (at
z1 and z2) and the nuclear volume must remain constant as its shape is changed. Nix introduced
the following independent parameters [6]. The overall volume is governed by the length scale
u given by 2u2 = a 2

1 + a 2
2 , while the shape itself is described by six dimensionless parameters,

three symmetric (σ1, σ2, σ3) and three asymmetric (α1, α2, α3),

σ1 =
ℓ2 − ℓ1

u
, σ2 =

a 2
3

c 23
, σ3 =

1
2

(

a 2
1

c 21
+

a 2
2

c 22

)

= 1
2

[

(

3− 2εf1
3 + εf1

)2

+
(

3− 2εf2
3 + εf2

)2
]

, (3-3)

α1 =
ℓ2 + ℓ1
2u

, α2 =
a 2
1 − a 2

2

u2
, α3 =

a 2
1

c 21
−

a 2
2

c 22
=

[

(

3− 2εf1
3 + εf1

)2

−
(

3− 2εf2
3 + εf2

)2
]

, (3-4)

λ:	  Normaliza3on	  constant	  
	  	  	  (to	  conserve	  the	  volume)	  

Very	  convenient	  for	  small	  deforma0ons,	  
but	  unsuitable	  for	  large	  deforma0ons!	  

R	  R0	  
θ	  
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Three	  quadra0c	  surfaces	  [Nix	  1968]	  

z0	  <	  z	  <	  z1:	  	  	  ρ(z)2	  =	  a12	  -‐	  (a12/c12)(z-‐l1)2	  

z1	  <	  z	  <	  z2:	  	  	  ρ(z)2	  =	  a32	  -‐	  (a32/c32)(z-‐l3)2	  

z2	  <	  z	  <	  z3:	  	  	  ρ(z)2	  =	  a22	  -‐	  (a22/c22)(z-‐l2)2	  

5	  independent	  shape	  parameters	  

Nuclear	  shape	  families	  

spheroid	  

spheroid	  

spheroid/hyperboloid	  
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From:   At. Data Nucl. Data Tables 59 (1995) 183

Discrepancy (Exp. − Calc.) 

Calculated 

Experimental 

σth = 0.669 MeV 

FRDM (1992) 
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Nuclear	  poten0al	  energy:	  masses	  

Mmacro(Z,A)	  	  =	  	  cbulkA	  +	  csurfA2/3	  +	  ccoulZ2/A1/3	  +	  csymm(N-‐Z)2/A	  

The	  nuclear	  energy	  exhibits	  a	  smooth	  average	  plus	  
small	  devia3ons	  reflec3ng	  specific	  nuclear	  structure	  

Nuclear	  mass	  number	  A	  

Liquid-‐drop	  mass	  formula	  [C.F.	  von	  Weizsäcker	  (1935)]:	  	  

 

From:   At. Data Nucl. Data Tables 59 (1995) 183

Discrepancy (Exp. − Calc.) 

Calculated 

Experimental 

σth = 0.669 MeV 

FRDM (1992) 
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Nuclear	  mass	  defects	  

W.D.	  Myers	  &	  W.J.	  Swiatecki,	  
Nuclear	  Physics	  81	  (1966)	  1	  

microscopic	  nuclear	  mass	  correc3on	  

Finite-‐range	  liquid-‐drop	  model	  (Nix,	  …	  )	  
and	  many	  others	  …	  	  	  
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Family of shapes considered 
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Nuclear	  poten0al	  energy:	  decomposi0on	  

U(Z,N,	  	  	  	  	  	  	  	  	  )	  	  =	  	  Emacro(Z,N,	  	  	  	  	  	  	  	  	  )	  	  +	  	  Es+p(Z,N,	  	  	  	  	  	  	  	  	  )	  

M(Z,N,	  	  	  	  	  	  	  	  	  )	  	  =	  	  Mmacro(Z,N,	  	  	  	  	  	  	  	  	  )	  	  +	  	  Mmicro(Z,N,	  	  	  	  	  	  	  	  	  )	  
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Family of shapes considered 

The	  nuclear	  energy	  exhibits	  a	  smooth	  average	  plus	  
small	  devia3ons	  reflec3ng	  specific	  nuclear	  structure	  
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Family of shapes considered 

elongation

Utotal

Umacro
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Family of shapes considered 

microscopic:	  
shell+pairing	  

macroscopic:	  
	  	  liquid	  drop	  

Masses:	  

mass	  rela0ve	  to	  a	  
macroscopic	  sphere	  

General:	  
Swiatecki	  1963	  
Stru3nsky	  1966	  

FIESTA:	  8	  September	  2014	   9	  Jørgen	  Randrup	  



Jørgen Randrup: FIESTA 2014 10

Finite-Range Liquid-Drop Model

Emacro(Z,N, shape) = (3-5)

MHZ +MnN mass excesses of Z hydrogen atoms and N neutrons

−av(1− κvI
2)A volume energy

+as(1− κsI
2)B1(shape)A

2/3 surface energy

+a0A
0 A0 energy

+c1Z
2/A1/3 B3(shape) Coulomb energy

−c4Z
4/3/A1/3 Coulomb exchange correction

+f(kFrp)Z
2/A proton form−factor correction to Coulomb energy

−ca(N − Z) charge−asymmetry energy

+W

(

|I|+
{

1/A, Z=N odd
0 , otherwise

})

×BW(shape) Wigner energy

+

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

∆p +∆n − δnp, Z and N odd
∆p , Z odd, N even
∆n , Z even, N odd
0 , Z and N even

⎫

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎭

average pairing energy

−aelZ
2.39 . energy of Z bound electrons

The relative neutron excess is I=(N −Z)/(N +Z)=(N −Z)/A. The Coulomb coefficients are

c1 =
3
5

e2

r0
, c4 =

5
4

(

3

2π

)2/3

c1 ,

while the function f(kF rp) in the proton form-factor correction to the Coulomb energy is

f(kFrp) = −1
8

r2pe
2

r30

[

145

48
−

327

2, 880
(kFrp)

2 +
1, 527

1, 209, 600
(kFrp)

4
]

, kF =
(

9πZ

4A

)1/3 1

r0
.

The average pairing gaps are ∆n = rmacBs/N1/3 and ∆p = rmacBs/Z1/3 and δnp = h/BsA2/3.
Furthermore, Bs is the area of the surface S of the specified shape, relative to that of a sphere,

Bs(shape) =
1

4πR2
0

∮

dS , R0 = r0A
1/3 ,

while B1 is the relative effective surface area due to the finite range,

B1(shape) =
1

8π2R2
0a

4

∫

V
d3r

∫
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|r − r′|
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]

,

where V denotes the volume enclosed by the specified shape. More details are given in Ref. [8].
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Finite-Range Liquid-Drop Model
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Nuclear	  poten0al	  energy:	  single-‐par0cle	  levels	  
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For	  a	  specified	  shape,	  generate	  the	  
effec3ve	  single-‐par3cle	  poten3als	  for	  
neutrons	  and	  protons	  by	  convolu3on	  

Solve	  the	  Schrödinger	  equa3on	  
for	  neutrons	  and	  protons	  to	  get	  
the	  single-‐par3cle	  energies	  {εν }	  
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3.2 Shell-plus-pairing energy

The shell-plus-pairing energy in (3-1) is the sum of separate contributions from neutrons and
protons which can be obtained from the respective single-particle levels {ϵnν} and {ϵpν}. These
are obtained by solving the Schrödinger equation,

[

−
h̄2

2m
∆+ V n,p(r)

]

ψn,p
ν (r) = ϵn,pν ψn,p

ν (r) , (3-6)

where ∆ = ∇
2 = ∂2/∂r2 is the Laplace operator, in the effective single-particle potential,

V n,p(r) = V n,p
mf (r) + V n,p

so (r) + V n,p
C (r) . (3-7)

The mean-field, the spin-orbit, and the Coulomb terms for neutrons and protons are given by

Mean field : V n,p
mf (r) = −V n,p

0

∫

Ω
g(|r′ − r|) d3r′ , g(r) =

1

4πa3
e−r/a

r/a
, (3-8)

Spin−orbit: V n,p
so (r) = iλ

(

h̄

2mc

)2

σ ·
∂V n,p

mf (r)

∂r
×

∂

∂r
, (3-9)

Coulomb: V p
C (r) =

Ze2

4
3πR

3
0

∫

Ω

d3r′

|r′ − r|
+ finite−range corr. , V n

C (r) = 0 . (3-10)

The single-particle level schemes depend on the nuclear shape. The level distribution is
usually irregular and may exhibit significant gaps for particular shapes, often associated with
special geometrical symmetries, as illustrated in Fig. 3-2.

Figure 3-2: Energy levels in a three-dimensional

harmonic-oscillator potential well as functions of its

spheroidal deformation. When the potential is spher-

ically symmetric, the associated large degree of de-

generacy causes the energy levels to bunch, leading

to clearly defined major shells. As the potential de-

forms, some orbitals fit better into the spheroidal

cavity (namely those with motion predominantly

along the symmetry axis) and their energies decrease,

while the energy increases for orbitals that have pre-

dominantly transverse motion; this leads to a steady

erosion of the shell structure. However, when the

axis ratio attains a simple value (2:1, 3:1, ...) some

degree of degeneracy is reestablished and new shell

structures arise. (From Ref. [5].)

convolu0on	  

“Nilsson	  
	  	  diagrams”	  
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	  	  	  	  Shell	  correc0on	  =	  
staircase	  minus	  smooth	  

Single-‐par0cle	  levels	  	  
in	  the	  effec0ve	  field	  

Nuclear	  poten0al	  energy:	  shell	  correc0on	  

The	  actual	  density	  of	  states	  is	  discrete:	  	  g0(ε)	  =	  Σν	  gν	  δ(ε-εν)	  

A	  smooth	  density	  of	  states	  g(ε)	  obtained	  by	  convolu3on:	  	  g	  =	  	  ξγ*	  g0	  

Fermi	  energy	  λ:	  

Shell	  correc3on:	  	  
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3.2.1 Shell effects

A simple quantitative metod for obtaining the shell energy was introduced by Strutinsky [14]; it
was further discussed in Ref. [15]. The method is briefly outlined below for neutrons or protons.

The actual density of states is discrete, g0(ϵ) =
∑

ν nνδ(ϵ − ϵν), where nν is the degeneracy
of the level ν. A corresponding smooth density of states is obtained by averaging (or smearing)
the actual single-particle level density over an appropriate energy region,

g̃(ϵ) =
1

γ

∫ +∞

−∞
ξ
(

ϵ− ϵ′

γ

)

g0(ϵ
′)dϵ′ (3-11)

where ξ(ϵ/γ) is a suitable smearing function with an adjustable range γ. The Fermi energy λ
for neutrons or protons is determined by number conservation,

∫ λ

−∞
g̃(ϵ)dϵ

.
= N or Z . (3-12)

The shell energy for neutrons or protons is then given by

δEshell =
∫ λ

−∞
g0(ϵ) ϵ dϵ−

∫ λ

−∞
g̃(ϵ) ϵ dϵ =

∑

ϵν<λ

nνϵν −
∫ λ

−∞
g̃(ϵ) ϵ dϵ . (3-13)

Figure 3-4 shows the function δEn
shell(λ) for

208Pb:

Figure 3-4: For the neutron levels in
208Pb at a spherical shape are shown

the accumulated sum of the eigenvalues

and the corresponding smooth quantity,

both given in Eq. (3-13). The shell cor-

rection for the neutrons is the difference

between those two quantities. (From

Ref. [16].)

In nuclear fission, a compact mononucleus develops gradually into two separate nuclear
fragments. It is a significant advantage of the Strutinsky method that when the system has
acquired a distinct binary character, the extracted shell energy will reflect the level structure
in the individual fragments even though the calculation is done for the single-particle field
associated with the combined dinuclear system. 3-a

Given	  the	  neutron	  or	  proton	  levels	  	  {εν}	  

V.M.	  Stru3nsky,	  Nucl	  Phys	  A95	  (1967)	  420	  

Myers	  &	  Swiatecki,	  Nucl	  Phys	  81	  (1966)	  1	  

δE	  =	  Σν εν δnν	
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4.2 Shell effects

A simple quantitative metod for obtaining the shell energy was proposed by Myers and
Swiatecki [8] and further developed by Strutinsky [18]; it was further discussed in Ref. [19]. The
method is briefly outlined below for neutrons or protons. 4-a

The actual density of single-particle states is discrete, g0(ϵ) =
∑

ν gνδ(ϵ− ϵν), where gν is the
degeneracy of the level ν. [It is common to refer to the density of states as the “level density”,
even though it is incorrect (unless no levels are degenerate, gν = 1).] A corresponding smooth
density of states is obtained by averaging (or smearing) the actual single-particle level density
over an appropriate energy region,

g̃(ϵ) =
1

γ

∫ +∞

−∞
ξ
(

ϵ− ϵ′

γ

)

g0(ϵ
′) dϵ′ (4-15)

where ξ(ϵ/γ) is a suitable smearing function with an adjustable range γ. The Fermi energy λ
for neutrons or protons is determined by number conservation,

∫ λ

−∞
g̃(ϵ) dϵ

.
= N or Z . (4-16)

The shell energy for neutrons or protons is then given by

δEshell =
∫ λ

−∞
g0(ϵ) ϵ dϵ−

∫ λ

−∞
g̃(ϵ) ϵ dϵ =

∑

ϵν<λ

gνϵν −
∫ λ

−∞
g̃(ϵ) ϵ dϵ . (4-17)

Figure 4-6 shows the function δEn
shell(λ) for

208Pb:

Figure 4-6: For the neutron levels in
208Pb at a spherical shape are shown

the accumulated sum of the eigenvalues

and the corresponding smooth quantity,

both given in Eq. (4-17). The shell cor-

rection for the neutrons is the difference

between those two quantities. (From

Ref. [20].)

In nuclear fission, a compact mononucleus develops gradually into two separate nuclear
fragments. It is a significant advantage of the Strutinsky method that when the system has
acquired a distinct binary character, the extracted shell energy will reflect the level structure
in the individual fragments even though the calculation is done for the single-particle field
associated with the combined dinuclear system. 4-b
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Nuclear	  poten0al	  energy:	  pairing	  correc0on	  

δEpair	  =	  Epair[g0]	  –	  Epair[g]	  

BCS:	  par3cles	  are	  replaced	  by	  quasi-‐par3cles	  

Quasi-‐par3cle	  energy:	  

nν	  =	  0,1,2	  
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3.2.2 Pairing

The nuclear pairing force plays an important role for nuclear properties at low energy, such
as binding energies, β-strength functions, and quasi-particle energies. In the macroscopic-
microscopic approach to nuclear energies, one needs the difference between the pairing cor-
relation energy associated with the actual single-particle levels and that of the corresponding
average level density g̃(ϵ) (the same one used above to obtain the shell correction energy),

δEpair = Epair − Ẽpair . (3-14)

for neutrons and protons separately. A variety of models have been employed for the calculation
of the pairing correlation energy [17, 18].

The simplest and most widely employed treatment of pairing is the Bardeen-Cooper-Schrieffer
(BCS) model. In a suitable region around the Fermi surface, ν1 ≤ ν ≤ ν2, it replaces the particles
by quasi-particles whose energy levels are given by

Eν =
[

(ϵν − λ)2 +∆2
]1/2

, (3-15)

and the probability that a particle level is occupied is given by v 2
ν = 1

2 [1− (ϵν − λ)/Eν ]. The
pairing gap ∆n,p and the Fermi energy λn,p are determined from the two coupled equations,

N orZ
.
= 2(ν1 − 1) + 2

ν2
∑

ν=ν1

v 2
ν ,

2

G
.
=
∑

ν

1

Eν
, (3-16)

where Gn,p is the pairing interaction strength for neutrons or protons. The pairing correlation
energy for neutrons or protons is then given by

Epair =
∑

ν

[2v 2
ν − nν ] ϵν −

∆2

G
− 1

2G
ν2
∑

ν=ν1

[2v 4
ν − nν ] + Eν θ

N,Z
odd , (3-17)

where the last term is unity/zero if the number of neutrons or protons is odd/even.
Because the simple BCS model fails for large level spacings, it is sometimes replaced by

the Lipkin-Nogami approximation. At present [8], the macroscopic-microscopic calculations of
nuclear potential energies employ this refinement of the BCS model, which takes account of the
lowest-order correction to the total energy arising from the fluctuations in particle number.

Figure 3-5: Illustration of the BCS pairing

treatment: Without paring (left), the single-

particle levels are fully occupid below the

Fermi surface (ϵν < λ) and empty above it

(ϵν > λ); the pairing interaction causes the

levels around the Fermi surface to become par-

tially occupied with the probability v2ν (right).

The pairing correction to the nuclear energy is

the difference between the pairing energy for

the actual level distribution and that for the

corresponding constant level density.
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lowest-order correction to the total energy arising from the fluctuations in particle number.

Figure 3-5: Illustration of the BCS pairing

treatment: Without paring (left), the single-

particle levels are fully occupid below the

Fermi surface (ϵν < λ) and empty above it

(ϵν > λ); the pairing interaction causes the

levels around the Fermi surface to become par-

tially occupied with the probability v2ν (right).

The pairing correction to the nuclear energy is

the difference between the pairing energy for

the actual level distribution and that for the

corresponding constant level density.
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3.2.2 Pairing

The nuclear pairing force plays an important role for nuclear properties at low energy, such
as binding energies, β-strength functions, and quasi-particle energies. In the macroscopic-
microscopic approach to nuclear energies, one needs the difference between the pairing cor-
relation energy associated with the actual single-particle levels and that of the corresponding
average level density g̃(ϵ) (the same one used above to obtain the shell correction energy),

δEpair = Epair − Ẽpair . (3-14)

for neutrons and protons separately. A variety of models have been employed for the calculation
of the pairing correlation energy [17, 18].

The simplest and most widely employed treatment of pairing is the Bardeen-Cooper-Schrieffer
(BCS) model. In a suitable region around the Fermi surface, ν1 ≤ ν ≤ ν2, it replaces the particles
by quasi-particles whose energy levels are given by

Eν =
[

(ϵν − λ)2 +∆2
]1/2

, (3-15)

and the probability that a particle level is occupied is given by v 2
ν = 1

2 [1− (ϵν − λ)/Eν ]. The
pairing gap ∆n,p and the Fermi energy λn,p are determined from the two coupled equations,
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= 2(ν1 − 1) + 2

ν2
∑

ν=ν1

v 2
ν ,

2

G
.
=
∑
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the Lipkin-Nogami approximation. At present [8], the macroscopic-microscopic calculations of
nuclear potential energies employ this refinement of the BCS model, which takes account of the
lowest-order correction to the total energy arising from the fluctuations in particle number.
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nuclear potential energies employ this refinement of the BCS model, which takes account of the
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Nuclear	  poten0al	  energy	  surfaces	  

P.	  Möller,	  Nucl	  Phys	  A	  192	  (1972)	  529:	  

4D	  calcula3on	  (ε2	  ,ε3	  ,ε4	  ,ε5)	  	  	  	  -‐>	  	  	  2D	  landscape	  (ε2	  &	  ε4	  ,	  ε3	  	  &	  ε5)	  

Es+p(Z,A,shape):	  	  Modified-‐oscillator	  single-‐par3cle	  poten3al	  	  V(ε2	  ,ε3	  ,ε4	  ,ε5)	  
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P.	  Möller,	  Nucl	  Phys	  192	  (1972)	  529	  
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P.	  Möller	  2009:	  

5D	  table	  of	  the	  
poten3al	  energy	  
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Contrasting Fission Potential-Energy Surfaces Hg!U
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Nuclear	  poten0al	  energy:	  	  fission	  barrier	  landscape	  

Figures	  produced	  by	  
Takatoshi	  Ichikawa	  	  

5D	  poten3al-‐energy	  surfaces	  reduced	  to	  two	  dimensions	  
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Fission	  dynamics:	  Temperature	  

Poten3al	  energy	  	  	  U(q)	  

Shape	  coordinate	  	  q	  

Total	  energy	  	  E	  

Local	  sta3s3cal	  excita3on	  E*(q)	  =	  E	  -‐	  U(q)	  

=>	  	  Local	  temperature	  T(q):	  	  E*	  ≈	  aT2	  

The	  sta3s3cal	  excita3on	  E*	  depends	  on	  the	  shape:	  

The	  shell	  and	  pairing	  correc3ons	  were	  calculated	  for	  T=0;	  
they	  generally	  decrease	  with	  increasing	  temperature	  

	  =>	  	  Energy-‐dependent	  effec3ve	  poten3al	  energy:	  
	   	  UE(q)	  	  =	  	  Emacro(q)	  	  +	  	  Es+p(q)	  ×	  S(E*(q))	  

suppression	  
func0on	  

J.	  Randrup	  and	  P.	  Möller,	  
Phys	  Rev	  C	  88	  (2013)	  064606	  
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Werner-‐Wheeler	  approxima3on:	  
the	  mass	  within	  a	  slice	  remains	  
in	  that	  slice	  as	  the	  shape	  changes.	  

Iner0al	  mass	  tensor	  for	  nuclear	  shape	  mo0on	  

The	  nuclear	  fluid	  is	  incompressible	  	  =>	  	  density	  is	  constant:	  	  ρ(r)	  =	  ρ0	  
	  
	  
Assume	  irrota3onal	  flow	  	  	  =>	  	  	  v(r)	  depends	  only	  on	  shape	  change	  

Macroscopic	  fluid:	  

Jørgen Randrup: FIESTA 2014 31

K(q̇, q) = 1
2 q̇ ·M(q) · q̇ = 1

2

∑

ij

q̇iMij(q) q̇j

K[ρ(r),v(r)] = 1
2m

∫

ρ(r)v(r)2d3r

Kine3c	  energy	  associated	  
with	  shape	  changes:	  
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K(q̇, q) = 1
2 q̇ ·M(q) · q̇ = 1

2

∑

ij

q̇iMij(q) q̇j

K[ρ(r),v(r)] = 1
2m

∫

ρ(r)v(r)2d3r

=>	  	  	  	  	  	  	  	  	  
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The	  interac3on	  between	  the	  individual	  nucleon	  and	  the	  residual	  system	  	  
is	  concentrated	  in	  the	  surface	  region:	  Fermi	  gas	  in	  a	  deforming	  container	  

Density	  ρ(r)	  changes	  	  =>	  	  mean	  field	  changes	  	  =>	  	  nucleons	  adjust	  quickly	  

Dissipa0on	  for	  nuclear	  shape	  mo0on:	  one-‐body	  

Individual	  nucleons	  move	  in	  common	  one-‐body	  mean	  field	  
(while	  occasionally	  experiencing	  Pauli-‐suppressed	  collisions)	  

Single-‐par3cle	  Hamiltonian	   Nucleons	  in	  mean	  field	  

One-‐body	  
dissipa0on:	  
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One-‐body	  dissipa0on	  in	  a	  mononucleus:	  
	  	  	  	  	  	  	  	  	  Wall	  formula	  for	  the	  dissipa0on	  rate	  

Slowly	  deforming	  nucleus:	  

Dissipa3on	  rate:	  

J.	  Blocki,	  Y.	  Boneh,	  J.	  R.	  Nix,	  J.	  Randrup,	  M.	  Robel,	  A.	  J.	  Sierk,	  and	  W.	  J.	  Swiatecki,	  
Ann	  Phys	  113	  (1978)	  330:	  One-‐Body	  Dissipa0on	  and	  the	  Super-‐Viscidity	  of	  Nuclei	  

Nuclei	  are	  
leptodermous	   v

v’

V

v’=2V−v
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6.1 One-body dissipation in a mononucleus

The standard wall formula for one-body dissipation in a mononucleus is given by [24]

Q̇wall(q, q̇) = mρ0v̄
∮

ṅ2d2σ =
∑

ij

q̇iγ
wall
ij (q)q̇j , (6-1)

where the integral is over the nuclear surface. Furthermore, m is the nucleon mass, ρ0 is the
bulk density of nucleons, and v̄ is the mean speed of the nucleons in the bulk. For an axially
symmetric surface defined by ρ(z, t), the normal velocity of the local surface element is [25]

ṅ =
∂ρ

∂t
/

[

1 +
(

∂ρ

∂z

)2
]1/2

=
∑

i

q̇i ρ
∂ρ

∂z

[

ρ2 +
(

ρ
∂ρ

∂z

)2
]− 1

2

. (6-2)

The elements of the wall dissipation tensor are then readily obtained,

γwallij (q) = 2πmρ0v̄
∫ zmax

zmin

(ρ
∂ρ

∂qi
)(ρ

∂ρ

∂qj
)
[

ρ2 + (ρ
∂ρ

∂z
)2
]− 1

2

dz . (6-3)

Sometimes the strength is considered to be adjustable, leading to a somewhat smaller value.

6.2 One-body dissipation in a dinucleus

As the fissioning nucleus approaches scission, its shape acquires a binary appearance and the
system can be considered as a dinucleus joined by a relatively small neck though which individual
nucleons may be exchanged. The associated dissipation rate is given by the window formula [24],

Q̇window = 1
4mρ0v̄ πc

2 (2U2
∥ + U2

⊥) =
∑

ij

q̇iγ
window
ij (q)q̇j , (6-4)

where c is the radius of the neck (which is here assumed to have axial symmetry). Furthermore,
U∥ is the component of the relative dinuclear motion along the normal to the window and U⊥

is the component in the plane of the window. In addition, the shape changes of the two binary
partners (the prefragments) give rise to two wall dissipation terms, each one with ṅ calculated
relative to the respective prefragment motion. The combined wall-plus-window dissipation is
then described by [25],

γw+w
ij (q) ≡ γwallij (q) + γwindow

ij (q) = 1
2mρ0v̄

⎧

⎪

⎨

⎪

⎩

∂R

∂qi

∂R

∂qj
πc2 (6-5)

+ π
∫ z3

z0
dz

(

∂ρ2

∂qi
− 1

2

∂ρ2

∂z

∂R

∂qi

)(

∂ρ2

∂qj
− 1

2

∂ρ2

∂z

∂R

∂qj

)

⎡

⎣ρ2 + 1
4

(

∂ρ2

∂z

)2
⎤

⎦

− 1

2

⎫

⎪

⎬

⎪

⎭

.
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symmetric surface defined by ρ(z, t), the normal velocity of the local surface element is [25]

ṅ =
∂ρ

∂t
/

[

1 +
(

∂ρ

∂z

)2
]1/2

=
∑

i

q̇i ρ
∂ρ

∂z

[

ρ2 +
(

ρ
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∂z
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2

. (6-2)

The elements of the wall dissipation tensor are then readily obtained,

γwallij (q) = 2πmρ0v̄
∫ zmax

zmin

(ρ
∂ρ

∂qi
)(ρ

∂ρ

∂qj
)
[

ρ2 + (ρ
∂ρ

∂z
)2
]− 1

2

dz . (6-3)

Sometimes the strength is considered to be adjustable, leading to a somewhat smaller value.

6.2 One-body dissipation in a dinucleus

As the fissioning nucleus approaches scission, its shape acquires a binary appearance and the
system can be considered as a dinucleus joined by a relatively small neck though which individual
nucleons may be exchanged. The associated dissipation rate is given by the window formula [24],

Q̇window = 1
4mρ0v̄ πc

2 (2U2
∥ + U2

⊥) =
∑

ij

q̇iγ
window
ij (q)q̇j , (6-4)

where c is the radius of the neck (which is here assumed to have axial symmetry). Furthermore,
U∥ is the component of the relative dinuclear motion along the normal to the window and U⊥

is the component in the plane of the window. In addition, the shape changes of the two binary
partners (the prefragments) give rise to two wall dissipation terms, each one with ṅ calculated
relative to the respective prefragment motion. The combined wall-plus-window dissipation is
then described by [25],

γw+w
ij (q) ≡ γwallij (q) + γwindow

ij (q) = 1
2mρ0v̄

⎧

⎪

⎨

⎪

⎩

∂R

∂qi

∂R

∂qj
πc2 (6-5)
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Dissipa3on	  tensor:	  
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6.1 One-body dissipation in a mononucleus

The standard wall formula for one-body dissipation in a mononucleus is given by [24]

Q̇wall(q, q̇) = mρ0v̄
∮

ṅ2d2σ =
∑

ij

q̇iγ
wall
ij (q)q̇j , (6-1)

where the integral is over the nuclear surface. Furthermore, m is the nucleon mass, ρ0 is the
bulk density of nucleons, and v̄ is the mean speed of the nucleons in the bulk. For an axially
symmetric surface defined by ρ(z, t), the normal velocity of the local surface element is [25]

ṅ =
∂ρ

∂t
/

[

1 +
(

∂ρ

∂z

)2
]1/2

=
∑

i

q̇i ρ
∂ρ

∂z

[

ρ2 +
(

ρ
∂ρ

∂z

)2
]− 1

2

. (6-2)

The elements of the wall dissipation tensor are then readily obtained,

γwallij (q) = 2πmρ0v̄
∫ zmax

zmin

(ρ
∂ρ

∂qi
)(ρ

∂ρ

∂qj
)
[

ρ2 + (ρ
∂ρ

∂z
)2
]− 1

2

dz . (6-3)

Sometimes the strength is considered to be adjustable, leading to a somewhat smaller value.

6.2 One-body dissipation in a dinucleus

As the fissioning nucleus approaches scission, its shape acquires a binary appearance and the
system can be considered as a dinucleus joined by a relatively small neck though which individual
nucleons may be exchanged. The associated dissipation rate is given by the window formula [24],

Q̇window = 1
4mρ0v̄ πc

2 (2U2
∥ + U2

⊥) =
∑

ij

q̇iγ
window
ij (q)q̇j , (6-4)

where c is the radius of the neck (which is here assumed to have axial symmetry). Furthermore,
U∥ is the component of the relative dinuclear motion along the normal to the window and U⊥

is the component in the plane of the window. In addition, the shape changes of the two binary
partners (the prefragments) give rise to two wall dissipation terms, each one with ṅ calculated
relative to the respective prefragment motion. The combined wall-plus-window dissipation is
then described by [25],

γw+w
ij (q) ≡ γwallij (q) + γwindow

ij (q) = 1
2mρ0v̄

⎧

⎪

⎨

⎪

⎩

∂R

∂qi

∂R

∂qj
πc2 (6-5)

+ π
∫ z3

z0
dz
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⎡
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4

(
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ṅ =
∂ρ

∂t
/

[

1 +
(

∂ρ

∂z

)2
]1/2

=
∑

i

q̇i ρ
∂ρ

∂z

[

ρ2 +
(

ρ
∂ρ

∂z

)2
]− 1

2

. (6-2)

The elements of the wall dissipation tensor are then readily obtained,

γwallij (q) = 2πmρ0v̄
∫ zmax

zmin

(ρ
∂ρ

∂qi
)(ρ

∂ρ

∂qj
)
[

ρ2 + (ρ
∂ρ

∂z
)2
]− 1

2

dz . (6-3)

Sometimes the strength is considered to be adjustable, leading to a somewhat smaller value.

6.2 One-body dissipation in a dinucleus

As the fissioning nucleus approaches scission, its shape acquires a binary appearance and the
system can be considered as a dinucleus joined by a relatively small neck though which individual
nucleons may be exchanged. The associated dissipation rate is given by the window formula [24],

Q̇window = 1
4mρ0v̄ πc

2 (2U2
∥ + U2

⊥) =
∑

ij

q̇iγ
window
ij (q)q̇j , (6-4)

where c is the radius of the neck (which is here assumed to have axial symmetry). Furthermore,
U∥ is the component of the relative dinuclear motion along the normal to the window and U⊥

is the component in the plane of the window. In addition, the shape changes of the two binary
partners (the prefragments) give rise to two wall dissipation terms, each one with ṅ calculated
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ρ(z):	  

One-‐body	  dissipa0on	  in	  fission:	  
	  	  	  	  	  	  	  Wall-‐plus-‐window	  formula	  
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Nuclear	  shape	  dynamics	  

1)	  Parametrized	  family	  of	  nuclear	  shapes:	  	  q	  =	  {qi}	  

2)	  Poten3al	  energy	  of	  deforma3on:	  	  U(q)	  	  =	  	  U(q1,	  q2,	  …)	  

3)	  Iner3al	  mass	  tensor:	  	  	  M(q)	  =	  	  {Mij(q)}	  	  

4)	  Dissipa3on	  tensor:	  	  	  	  	  	  	  γ(q)	  	  =	  	  {γij(q)}	  	  

	  	  Langevin	  equa0on	  of	  mo0on:	  	  	  dp/dt	  	  =	  	  Fcons	  	  +	  	  Fdiss	  
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Fission	  dynamics:	  Formal	  framework	  
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2 Formal framework for nuclear shape dynamics

The nuclear system is defined in terms of its shape. This is possible because the nuclear interac-
tion has a finite range and leads to saturation. As a consequence, the density of nucleons, ρ(r),
is rather constant in the interior of a large nucleus and falls off over a relatively short distance
at the surface. The task of theory is to describe the temporal evolution of the nuclear shape.

Figure 2-4: Reflection-symmetric

nuclear shapes relevant for fission,

starting from a single sphere and

ending with a scission shape.

The nuclear shape [Sect. 3] is specified by a set of shape parameters q ≡ (q1, . . . , qN ), often
referred to as the collective degrees of freedom. Generally, for any given total energy E, the
specification of q characterizes an entire ensemble of nuclear many-body states that all have
the energy E and whose spatial density distributions all correspond to the specified shape.
Assuming that all such states are equally likely, the system may be considered as being in
statistical equilibrium.

The calculation of the time evolution of the nuclear shape parameters, q(t), requires knowl-
edge of three distinct physical quantities:

1. Potential energy: [Sect. 4] The most basic quantity is the potential energy of a given
shape, U(q), i.e. the energy of the nuclear system when its shape is as specified by q. The
local gradient of the potential energy provides a driving force, F (q) = −∂U(q)/∂q, that
will seek to change the shape so that the potential energy is lowered. The minima in the
potential-energy surface of a given nucleus correspond to stable equilibrium shapes; the
lowest compact minimum represents the ground state and its energy is the nuclear mass.
Two-dimensional contour plots have intuitive appeal, displaying minima, ridges, saddle
points, and so on) but cannot bring out all important features of the N -dimensional space.

2. Inertial mass: [Sect. 5] A shape change is associated with a rearrangement of the internal
nucleonic configurations. The associated kinetic energy is assumed to be of normal form,
K = 1

2

∑N
i,j Mij q̇iq̇j, where M (q) is the N × N inertial-mass tensor which is symmetric,

Mij(q) = Mji(q). Thus M(q) consists of N × (N + 1)/2 independent functions of q.

3. Dissipation: [Sect. 6] The interaction between the collective degrees of freedom and the
remainder of the nuclear many-body system causes the shape variables to experience a
dissipative force characterized by the N ×N dissipation tensor γ(q), which is symmetric,
γij(q) = γji(q). Thus γ(q) consists of N × (N + 1)/2 independent functions of q.

If the shape evolution took place in isolation, i.e. if there were no coupling between the shape
variables q and the internal degrees of freedom, then the shape dynamics would be conservative.
The time evolution of the shape would then follow exclusively from the Lagrangian function,

L(q, q̇) = 1
2 q̇ ·M · q̇ = 1

2

N
∑

i,j

q̇iMij(q) q̇j − U(q) . (2-1)Lagrangian:	  
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The conjugate shape momentum p = (p1, . . . , pN ) is given in terms of q and q̇ as

pi(q, q̇) =
∂

∂q̇i
L(q, q̇) =

∑

j

Mij(q) q̇j : p(q, q̇) = M(q) · q̇ . (2-2)

This relation can be inverted to yield the velocity q̇ in terms of q and p,

q̇i(p, q) =
∑

j

Bij(q) pj : q̇(p, q) = B(q) · q , (2-3)

where the N × N matrix B(q) denotes the inverse of M(q), i.e.
∑

j Bij(q)Mjk(q) = δik. The
Lagrange equation of motion for the evolution of the shape momentum is

∂

∂t
pi

.
=

∂

∂qi
L(q, q̇) = 1

2

∑

jk

q̇j q̇k
∂

∂qi
Mjk(q)−

∂

∂qi
U(q) . (2-4)

The conservative shape dynamics can equally well be described within the Hamiltonian formal-
ism. The Hamiltonian function for the shape motion is given by

H(p, q) = 1
2p ·B · p+ U(q) = 1

2

N
∑

i,j

piBij(q) pj + U(q) (2-5)

and the Hamiltonian equations of motion are

q̇i =
∂

∂pi
H(p, q) =

∑

j

Bij(q) pj ,

ṗi = −
∂

∂qi
H(p, q) = −1

2

N
∑

j,k

pjpk
∂

∂qi
Bjk(q)−

∂

∂qi
U(q) = F cons

i = Fmass
i (p, q) + F pot

i (q) .

It is easy to verify that the Hamiltonian and Lagrangian equations of motion are equivalent (it
follows from the fact that

∑

jk pjpk∂Bjk/∂qi = −
∑

jk q̇j q̇k∂Mjk/∂qi). In either formulation, the 2-a
conservative force consists not only of the driving force provided by the potential, F pot(q) ≡
−∂U(q)/∂q, but has also contributions arising from the shape dependence of the inertial mass,
Fmass(q). If the shape motion were conservative, then the associated energy, Ecoll = H(p, q)
would remain constant in time.

However, there is a continual exchange of energy between the retained collective degrees of
freedom and the remainder of the system and, as a consequence, the shape cannot be considered
as an isolated system. Rather, it displays a dissipative evolution. The interaction of the shape
degrees of freedom with the remainder of the system is described by means of a residual force
which is dissipative, F diss(q̇, q). Its average exerts a friction force on the shape parameters q,

F fric(q, q̇) ≡ ⟨F diss(q, q̇)⟩ = −γ(q) · q̇ : F frict
i (q, q̇) = −

∑

j

γij(q) q̇j , (2-6)

It can be obtained from the Rayleigh function F(q, q̇), equal to half the mean rate of dissipation,

F fric
i (q, q̇) = −

∂

∂q̇i
F(q̇, q) , F(q̇, q) = 1

2 q̇ · γ(q) · q̇ = 1
2

∑

ij

q̇iγij(q) q̇j . (2-7)

Momentum:	  
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The conservative shape dynamics can equally well be described within the Hamiltonian formal-
ism. The Hamiltonian function for the shape motion is given by

H(p, q) = 1
2p ·B · p+ U(q) = 1

2

N
∑

i,j

piBij(q) pj + U(q) (2-5)

and the Hamiltonian equations of motion are

q̇i =
∂

∂pi
H(p, q) =

∑

j

Bij(q) pj ,

ṗi = −
∂

∂qi
H(p, q) = −1

2

N
∑

j,k

pjpk
∂

∂qi
Bjk(q)−

∂

∂qi
U(q) = F cons

i = Fmass
i (p, q) + F pot

i (q) .

It is easy to verify that the Hamiltonian and Lagrangian equations of motion are equivalent (it
follows from the fact that

∑

jk pjpk∂Bjk/∂qi = −
∑

jk q̇j q̇k∂Mjk/∂qi). In either formulation, the 2-a
conservative force consists not only of the driving force provided by the potential, F pot(q) ≡
−∂U(q)/∂q, but has also contributions arising from the shape dependence of the inertial mass,
Fmass(q). If the shape motion were conservative, then the associated energy, Ecoll = H(p, q)
would remain constant in time.

However, there is a continual exchange of energy between the retained collective degrees of
freedom and the remainder of the system and, as a consequence, the shape cannot be considered
as an isolated system. Rather, it displays a dissipative evolution. The interaction of the shape
degrees of freedom with the remainder of the system is described by means of a residual force
which is dissipative, F diss(q̇, q). Its average exerts a friction force on the shape parameters q,

F fric(q, q̇) ≡ ⟨F diss(q, q̇)⟩ = −γ(q) · q̇ : F frict
i (q, q̇) = −

∑

j

γij(q) q̇j , (2-6)

It can be obtained from the Rayleigh function F(q, q̇), equal to half the mean rate of dissipation,

F fric
i (q, q̇) = −

∂

∂q̇i
F(q̇, q) , F(q̇, q) = 1

2 q̇ · γ(q) · q̇ = 1
2

∑

ij

q̇iγij(q) q̇j . (2-7)

Conserva3ve	  
dynamics:	  

Fcons	  	  	  	  	  	  	  =	  	  	  	  	  	  	  	  	  	  	  	  	  Fmass	  	  	  	  	  	  	  	  	  +	  	  	  	  	  	  	  Fpot	  	  

Fric3on	  force:	  

Fdiss	  	  	  	  	  	  	  	  =	  	  	  	  	  	  	  	  	  	  	  	  	  Ffric	  	  	  	  	  	  	  	  	  	  	  +	  	  	  	  	  	  	  Fran	  	  Jørgen Randrup: FIESTA 2014 5

The remainder of the dissipative force, F ran(q, t) ≡ F diss(q̇, q) − F fric(q̇, q) is stochastic in
nature. It is assumed to fluctuate rapidly in time and to be Markovian (i.e. it has vanishing
memory time), so its autocorrelation function is given by

⟨F ran(q, t)F ran(q, t′)⟩ = 2γ(q)T δ(t− t′) : ⟨F ran
i (q, t)F ran

j (q, t′)⟩ = 2γij(q)T δ(t− t′) , (2-8)

where T (q, q̇) is the temperature of the residual system [Sect. 2.1]. The fact that the mean and
the variance of the residual force are both proportional to the dissipation tensor is a manifestation
of the fluctuation-dissipation theorem (often referred to as the Einstein relation) which ensures
that the system equilibrates appropriately [Sect. 2.2].

The resulting complete equation of motion for the evolution of the shape parameters is then
given by the Langevin equation,

ṗ = F cons + F diss =
(

Fmass(p, q) + F pot(q)
)

+
(

F fric(q, q̇) + F ran(q, t)
)

. (2-9)

In this description, the conservative motion on the potential-energy landscape is subjected to
a steady damping caused by the friction force (which is the average effect of the residual cou-
pling) and, importantly, the shape trajectory q(t) exhibits continual random changes due to the
fluctuating part of the residual coupling. Because of this diffusive character of the evolution, a
specified initial shape automatically develops into an entire ensemble of (often very) different
shapes. Such occurrence of trajectory branching is a general feature of the transport descrip-
tion and it is a key advantage of this type of treatment because fission of a single compound
nucleus may have many macroscopically different outcomes (for example: different mass splits
and different fragment kinetic energies). In particular, without a diffusive term the equation of
motion could never lead to asymmetric fission if the initial nucleus had reflection symmetry.

Figure 2-5: Illustration of how a single

shape may develop into a multitude of

qualitatively different shapes due to the

coupling between the shape degrees of

freedom treated explicitly and those of

the residual system.

2.1 Temperature

The total energy of the evolving nuclear system, E, can be divided into collective and statistical
parts. In the absense of overall rotation (which we assume throughout here), the collective energy
consists of the potential energy of the given shape, U(q), plus the kinetic energy associated with
the rate of shape change, K(q, q̇),

Ecoll(q, q̇) = 1
2

∑

ij

q̇iMij(q) q̇j + U(q) . (2-10)

The remainder is the statistical energy,

Estat(q, q̇) = E − Ecoll(q, q̇) , (2-11)

from which the local temperature, T (q, q̇), can be obtained. For example, Estat(q) = aAT (q, q̇)2

in a simple Fermi-gas model, where aA ≈ A/(8MeV) is the nuclear level-density parameter.

Random	  force:	  

Langevin	  
equa0on	  

Dissipa3ve	  force:	  

Dissipa3ve	  
dynamics:	  
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nature. It is assumed to fluctuate rapidly in time and to be Markovian (i.e. it has vanishing
memory time), so its autocorrelation function is given by

⟨F ran(q, t)F ran(q, t′)⟩ = 2γ(q)T δ(t− t′) : ⟨F ran
i (q, t)F ran

j (q, t′)⟩ = 2γij(q)T δ(t− t′) , (2-8)

where T (q, q̇) is the temperature of the residual system [Sect. 2.1]. The fact that the mean and
the variance of the residual force are both proportional to the dissipation tensor is a manifestation
of the fluctuation-dissipation theorem (often referred to as the Einstein relation) which ensures
that the system equilibrates appropriately [Sect. 2.2].

The resulting complete equation of motion for the evolution of the shape parameters is then
given by the Langevin equation,

ṗ = F cons + F diss =
(

Fmass(p, q) + F pot(q)
)

+
(

F fric(q, q̇) + F ran(q, t)
)

. (2-9)

In this description, the conservative motion on the potential-energy landscape is subjected to
a steady damping caused by the friction force (which is the average effect of the residual cou-
pling) and, importantly, the shape trajectory q(t) exhibits continual random changes due to the
fluctuating part of the residual coupling. Because of this diffusive character of the evolution, a
specified initial shape automatically develops into an entire ensemble of (often very) different
shapes. Such occurrence of trajectory branching is a general feature of the transport descrip-
tion and it is a key advantage of this type of treatment because fission of a single compound
nucleus may have many macroscopically different outcomes (for example: different mass splits
and different fragment kinetic energies). In particular, without a diffusive term the equation of
motion could never lead to asymmetric fission if the initial nucleus had reflection symmetry.

Figure 2-5: Illustration of how a single

shape may develop into a multitude of

qualitatively different shapes due to the

coupling between the shape degrees of

freedom treated explicitly and those of

the residual system.

2.1 Temperature

The total energy of the evolving nuclear system, E, can be divided into collective and statistical
parts. In the absense of overall rotation (which we assume throughout here), the collective energy
consists of the potential energy of the given shape, U(q), plus the kinetic energy associated with
the rate of shape change, K(q, q̇),

Ecoll(q, q̇) = 1
2

∑

ij

q̇iMij(q) q̇j + U(q) . (2-10)

The remainder is the statistical energy,

Estat(q, q̇) = E − Ecoll(q, q̇) , (2-11)

from which the local temperature, T (q, q̇), can be obtained. For example, Estat(q) = aAT (q, q̇)2

in a simple Fermi-gas model, where aA ≈ A/(8MeV) is the nuclear level-density parameter.

Conserva3ve	  force:	  
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2 Formal framework for nuclear shape dynamics

The nuclear system is defined in terms of its shape. This is possible because the nuclear interac-
tion has a finite range and leads to saturation. As a consequence, the density of nucleons, ρ(r),
is rather constant in the interior of a large nucleus and falls off over a relatively short distance
at the surface. The task of theory is to describe the temporal evolution of the nuclear shape.

Figure 2-4: Reflection-symmetric

nuclear shapes relevant for fission,

starting from a single sphere and

ending with a scission shape.

The nuclear shape [Sect. 3] is specified by a set of shape parameters q ≡ (q1, . . . , qN ), often
referred to as the collective degrees of freedom. Generally, for any given total energy E, the
specification of q characterizes an entire ensemble of nuclear many-body states that all have
the energy E and whose spatial density distributions all correspond to the specified shape.
Assuming that all such states are equally likely, the system may be considered as being in
statistical equilibrium.

The calculation of the time evolution of the nuclear shape parameters, q(t), requires knowl-
edge of three distinct physical quantities:

1. Potential energy: [Sect. 4] The most basic quantity is the potential energy of a given
shape, U(q), i.e. the energy of the nuclear system when its shape is as specified by q. The
local gradient of the potential energy provides a driving force, F (q) = −∂U(q)/∂q, that
will seek to change the shape so that the potential energy is lowered. The minima in the
potential-energy surface of a given nucleus correspond to stable equilibrium shapes; the
lowest compact minimum represents the ground state and its energy is the nuclear mass.
Two-dimensional contour plots have intuitive appeal, displaying minima, ridges, saddle
points, and so on) but cannot bring out all important features of the N -dimensional space.

2. Inertial mass: [Sect. 5] A shape change is associated with a rearrangement of the internal
nucleonic configurations. The associated kinetic energy is assumed to be of normal form,
K = 1

2

∑N
i,j Mij q̇iq̇j, where M (q) is the N × N inertial-mass tensor which is symmetric,

Mij(q) = Mji(q). Thus M(q) consists of N × (N + 1)/2 independent functions of q.

3. Dissipation: [Sect. 6] The interaction between the collective degrees of freedom and the
remainder of the nuclear many-body system causes the shape variables to experience a
dissipative force characterized by the N ×N dissipation tensor γ(q), which is symmetric,
γij(q) = γji(q). Thus γ(q) consists of N × (N + 1)/2 independent functions of q.

If the shape evolution took place in isolation, i.e. if there were no coupling between the shape
variables q and the internal degrees of freedom, then the shape dynamics would be conservative.
The time evolution of the shape would then follow exclusively from the Lagrangian function,

L(q, q̇) = 1
2 q̇ ·M · q̇ = 1

2

N
∑

i,j

q̇iMij(q) q̇j − U(q) . (2-1)
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The conjugate shape momentum p = (p1, . . . , pN ) is given in terms of q and q̇ as

pi(q, q̇) =
∂

∂q̇i
L(q, q̇) =

∑

j

Mij(q) q̇j : p(q, q̇) = M(q) · q̇ . (2-2)

This relation can be inverted to yield the velocity q̇ in terms of q and p,

q̇i(p, q) =
∑

j

Bij(q) pj : q̇(p, q) = B(q) · q , (2-3)

where the N × N matrix B(q) denotes the inverse of M(q), i.e.
∑

j Bij(q)Mjk(q) = δik. The
Lagrange equation of motion for the evolution of the shape momentum is

∂

∂t
pi

.
=

∂

∂qi
L(q, q̇) = 1

2

∑

jk

q̇j q̇k
∂

∂qi
Mjk(q)−

∂

∂qi
U(q) . (2-4)

The conservative shape dynamics can equally well be described within the Hamiltonian formal-
ism. The Hamiltonian function for the shape motion is given by

H(p, q) = 1
2p ·B · p+ U(q) = 1

2

N
∑

i,j

piBij(q) pj + U(q) (2-5)

and the Hamiltonian equations of motion are

q̇i =
∂

∂pi
H(p, q) =

∑

j

Bij(q) pj ,

ṗi = −
∂

∂qi
H(p, q) = −1

2

N
∑

j,k

pjpk
∂

∂qi
Bjk(q)−

∂

∂qi
U(q) = F cons

i = Fmass
i (p, q) + F pot

i (q) .

It is easy to verify that the Hamiltonian and Lagrangian equations of motion are equivalent (it
follows from the fact that

∑

jk pjpk∂Bjk/∂qi = −
∑

jk q̇j q̇k∂Mjk/∂qi). In either formulation, the 2-a
conservative force consists not only of the driving force provided by the potential, F pot(q) ≡
−∂U(q)/∂q, but has also contributions arising from the shape dependence of the inertial mass,
Fmass(q). If the shape motion were conservative, then the associated energy, Ecoll = H(p, q)
would remain constant in time.

However, there is a continual exchange of energy between the retained collective degrees of
freedom and the remainder of the system and, as a consequence, the shape cannot be considered
as an isolated system. Rather, it displays a dissipative evolution. The interaction of the shape
degrees of freedom with the remainder of the system is described by means of a residual force
which is dissipative, F diss(q̇, q). Its average exerts a friction force on the shape parameters q,

F fric(q, q̇) ≡ ⟨F diss(q, q̇)⟩ = −γ(q) · q̇ : F fric
i (q, q̇) = ⟨F diss

i (q, q̇)⟩ = −
∑

j

γij(q) q̇j . (2-6)

It can be obtained from the Rayleigh function F(q, q̇), equal to half the mean rate of dissipation,

F fric
i (q, q̇) = −

∂

∂q̇i
F(q̇, q) , F(q̇, q) = 1

2 q̇ · γ(q) · q̇ = 1
2

∑

ij

q̇iγij(q) q̇j . (2-7)

Both	  are	  prop	  to	  γ:	  
Fluct-‐Diss	  Theorem	  
(Einstein	  Rela0on)	  

FIESTA:	  8	  September	  2014	   29	  Jørgen	  Randrup	  



Langevin	  dynamics:	  Equilibra0on	  

�����

�����

E	  <	  B:	  	  Equilibrium	  is	  established	  

E	  <	  B:	  	  Quasi-‐equilibrium	  is	  established,	  
	  	  slow	  leakage	  over	  the	  barrier	  	  

B	  

One	  dimension,	  constant	  m,	  γ,	  T,	  	  
harmonic	  poten3al	  U(x)	  =	  ½kx2:	  

<x(t)>	  	  	  -‐>	  	  	  0	  
<x(t)2>	  	  -‐>	  T/k	  

Ensemble:	  
{x(t),p(t)}	  

t	  	  -‐>	  	  ∞:	  

Distribu3on	  func3on	  W(p,q,t):	  	  

-‐>	  	  exp(-‐p2/2mT	  –	  kx2/2T)	  	  =	  	  e-‐E/T	  	  <p(t)>	  	  	  -‐>	  	  	  0	  
<p(t)2>	  	  -‐>	  	  mT	  

1st	  and	  	  2nd	  moments:	  

=>	  
U(x) W(x)
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Strongly	  damped	  nuclear	  shape	  dynamics:	  Brownian	  mo0on	  

F
pot

+ F
fric

+ F
ran .

= 0

Mobility	  tensor:	  

Brownian	  mo0on	  

Smoluchowski	  equa0on	  

dissipa3ve	  
	  	  	  	  	  force	  

driving	  
	  force	  

Dissipa3on	  
is	  strong	  	  

Iner3al	  mass	  	  
is	  unimportant	  

Creeping	  
evolu3on	  =>	   =>	   =>	  Accelera3on	  and	  

(velocity)2	  are	  small	  

µ(χ) ≡ γ(χ)−1χ̇ = µ(χ) · [F pot(χ) + F ran(χ)]

δχi =
∑

n

χ̃
(n)
i

[

∆t χ̃(n)
· F pot

+
√

2T∆t ξn

]

δχ =

∫
t+∆t

t

χ̇ dt :
Easy	  to	  
simulate:	  

random	  
number	  

mobility	  
eigenvector	  

Langevin	  equa0on	  

Ffric	  =	  -‐γ�dχ/dt	  

<ξn>	  =	  0	  
<ξn2>	  =	  1	  
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Strongly	  damped	  nuclear	  shape	  dynamics:	  Metropolis	  walk	  

Brownian	  mo0on:	  

If	  dissipa0on	  tensor	  is	  isotropic	  	  	  	  =>	  	  	  Metropolis	  walk	  on	  the	  UIJKLM	  lapce	  

Dissipa3on	  
is	  strong	  	  

Large	  degree	  of	  	  
equilibra3on	  =>	   =>	   LiJle	  sensi3vity	  to	  

the	  structure	  of	  γ?	


γij(χ) = γ0(χ) δij

Dissipa3on	  
is	  strong	  	  

Iner3al	  mass	  	  
is	  unimportant	  

Creeping	  
evolu3on	  =>	   =>	   =>	  

Accelera3on	  and	  
(velocity)2	  are	  small	  

δχi =
∑

n

χ̃
(n)
i

[

∆t χ̃(n)
· F pot

+
√

2T∆t ξn

]

If	  there	  is	  indeed	  only	  liJle	  sensi3vity	  to	  the	  structure	  of	  the	  dissipa3on	  tensor,	  
then	  why	  not	  try	  with	  something	  simple?	  	  For	  example	  an	  isotropic	  tensor:	  

Need	  only	  {UIJKLM}	  

Ignore	  M(χ)	  but	  s3ll	  
need	  U(χ)	  and	  γ(χ)	  	  

J	  Randrup	  &	  P	  Möller,	  Phys	  Rev	  LeJ	  106	  (2011)	  132503	  
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236U	  

Metropolis	  walk	  …	  

Start	  at	  	  ground-‐state	  	  
(or	  isomeric)	  minimum	  

Walk	  un0l	  the	  neck	  	  
has	  become	  thin	  

Elonga3on	  

As
ym

m
et
ry
	  

Pup	  	  =	  	  exp(-‐ΔU/T)	  Pdown	  	  =	  	  1	  

?	   ?	  

…	  on	  the	  poten0al-‐energy	  surface:	  
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Family of shapes considered 

Metropolis	  et	  al.	  (1953):	  

W(x)	  	  -‐>	  	  exp(-‐U(x)/T)	  

U(x) W(x)
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Exp. 234U(γ,f)        
Calc. (11.0 MeV) 234U 
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J.	  Randrup	  &	  P.	  Möller,	  PRL	  106	  (2011)	  132503	  

The	  very	  first	  Metropolis	  results:	  

The	  Metropolis	  method	  looks	  remarkably	  promising	  -‐	  
let’s	  benchmark	  it	  against	  70	  measured	  charge	  yields	  …	  
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212Ac123 E*= 14.65 (MeV) 
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222Ac133 E*= 11.13 (MeV) 
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Comparison	  with	  data	  from	  K.H.	  Schmidt	  et	  al.,	  NPA	  665	  (2000)	  221	  

206Fr119 E*= 13.98 (MeV) 
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Nuclear	  shape	  dynamics:	  Metropolis?	  

The	  Metropolis	  walk	  method,	  used	  with	  the	  tabulated	  5D	  
3QS	  poten3al-‐energy	  surfaces,	  provides	  a	  powerful	  tool	  
for	  calcula3ng	  fission-‐fragment	  mass	  distribu3ons	  

Special	  advantages:	  	  predic0ve	  power,	  	  ease	  of	  computa0on	  

But:	  	  How	  reliable	  is	  it?	  

It	  is	  based	  on	  the	  assump3on	  that	  the	  mass	  yields	  
are	  not	  sensi3ve	  to	  the	  details	  of	  the	  dissipa3on	  

Solve	  the	  Smoluchowski	  equa0on	  with	  a	  range	  of	  dissipa0on	  tensors:	  
How	  much	  are	  the	  fragment	  mass	  yields	  affected?	  

>	  5,000	  nuclei:	  {UIJKLM}	   ≈	  minutes/10k	  events	  

?	  

This	  can	  be	  	  checked:	  
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Dependence	  of	  P(Zf)	  on	  the	  dissipa0on	  tensor	  

γ̃(f) : γ̃n(f) ≡

γn + f

1 + f
µ̃(f) = γ̃(f)−1=>	   f	  =	  0.2,	  1.0,	  ∞	  

Q̇ = mρ0v̄

∮
d2σ ṅ2

=>	  	  γ(χ)	  

χ̇ = µ(χ) · [F pot(χ) + F ran(χ)]

Go	  from	  wall	  dissipa3on	  to	  isotropic	  dissipa3on:	  
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Nuclear	  shape	  dynamics:	  Strongly	  damped?	  

How	  good	  is	  the	  strongly	  damped	  idealiza3on?	  

Probably	  not	  good	  near	  scission	  

Cannot	  provide	  kine3c	  energies	  

The	  remarkable	  success	  of	  the	  recent	  mass-‐yield	  calcula3ons	  
(which	  were	  based	  on	  the	  strongly	  damped	  limit)	  gives	  us	  hope	  
that	  the	  full	  Langevin	  treatment	  could	  provide	  a	  quan3ta3ve	  
means	  for	  calcula3ng	  both	  fragment	  yields	  and	  energies	  
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Fission	  dynamics:	  Full	  Langevin	  simula0ons	  

Three-‐quadra3c-‐surfaces	  shape	  family	  
Macroscopic-‐microscopic	  poten3al	  
Werner-‐Wheeler	  iner3al	  masses	  
Wall-‐plus-‐window	  one-‐body	  dissipa3on*)	  

Langevin	  	  propaga0on	  

Preliminary	  results	  by	  Arnie	  Sierk	  (talk	  Friday	  AM)	  

10,000	  events	  

Stop	  before	  scission:	  
extract	  mass	  par33on	  

Start	  beyond	  last	  saddle:	  
	  	  	  sample	  q	  and	  dq/dt	  

*)	  with	  somewhat	  reduced	  strength	  
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	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Fission	  dynamics	  
within	  the	  macroscopic-‐microscopic	  approach	  

Full	  Langevin	  simula0ons	  are	  highly	  desirable;	  
they	  have	  recently	  become	  feasible	  (but	  are	  s3ll	  slow)	  

Nuclear	  poten0al	  energy	  surfaces	  can	  be	  fairly	  reliably	  
calculated	  with	  the	  macroscopic-‐microscopic	  method	  
(masses,	  barriers,	  …);	  need:	  energy-‐dependent	  surfaces	  

Iner3al	  masses	  are	  poorly	  understood,	  so	  macroscopic	  iner3as	  	  
are	  being	  used	  in	  the	  simula3ons	  (but	  they	  may	  be	  less	  crucial?)	  

There	  is	  suppor3ve	  evidence	  for	  the	  dominance	  of	  one-‐body	  dissipa0on,	  
and	  the	  wall+window	  formula	  (with	  reduced	  strength)	  seems	  to	  work	  well,	  
but	  it	  is	  s3ll	  purely	  macroscopic	  (no	  shell	  or	  pairing	  effects	  included	  yet!)	  

Strongly	  damped	  shape	  dynamics	  is	  akin	  to	  Brownian	  mo3on;	  
the	  Metropolis	  walk	  method	  offers	  a	  useful	  star3ng	  point	  

Fission	  dynamics	  concerns	  primarily	  the	  dissipa0ve	  shape	  evolu0on;	  
the	  Langevin	  equa0on	  provides	  the	  appropriate	  formal	  framework	  

elongation

Utotal

Umacro

Talk	  by	  Arnie	  Sierk	  

Talk	  by	  Peter	  Möller	  

(from	  a	  single	  compound	  nucleus	  to	  an	  ensemble	  of	  final	  configura3ons)	  
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